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The hindered translational motions, the librations around the principal axes, and the intramolecular vibrations
have been calculated from molecular dynamics simulations of water by Fourier transformations of the
corresponding velocity autocorrelation functions for all possible hydrogen-isotope-substituted molecules at
room temperature. The flexible BJH model for water has been employed in the simulations. The frequencies
for the hypothetical liquids HDO, HTO, and DTO as well as the stretching vibrations of T2O are predicted.

Introduction

Molecular dynamics (MD) simulations have been extensively
used to study liquids, especially water. Because of its ubiquity
and unique physical properties, liquid water has attracted large
efforts and continues to be an object of extensive research. The
interaction potentials employed in MD and Monte Carlo
simulations of liquid water can be rigid, flexible, and/or
polarizable. Almost all of these models have been used to
simulate the structural, thermodynamical, and dynamical proper-
ties of liquid water (H2O) in earlier studies. Until now, only a
few simulations have been performed to investigate the effects
of isotopic substitution on the dynamical features of liquid H2O
and D2O.1-5 A comparative simulation study of the self-
diffusion coefficients, rotational correlation times, and collective
dielectric relaxation times has been reported very recently in
this journal.6 To the best of our knowledge, no simulation study
on the asymmetric water molecules HDO, HTO, and DTO has
been reported so far.
In order to study systematically the effects of hydrogen

isotope substitution on the power spectra of the translational,
rotational, and vibrational motions, a series of MD simulations
of pure H2O, D2O, T2O, HDO, HTO, and DTO and the mixtures
H2O + HDO + D2O, H2O + HTO + T2O, and D2O + DTO
+ T2O have been carried out using the flexible BJH water
model.7 The main purpose of the investigation was the
prediction of the properties of the hypothetical systems HDO,
HTO, and DTO, which can only exist in disproportion equilibria.
The details of the simulations are briefly sketched in the next

section. The results on the translational, rotational, and
vibrational power spectra are presented and discussed in the
third section. The scheme used to separate the different spectral
modes is described in the Appendix.

Details of the Simulations

The flexible BJH water model,7 employed in the simulations,
has proved its usefulness in various simulations of pure water
and aqueous electrolyte solutions (see, e.g., ref 8). It is based
on the latest version of the CF model by Stillinger and Rahman.9

That model consists of oxygen and hydrogen atoms, bearing
partial charges, where the water molecule geometry is solely
preserved by an appropriate set of oxygen-hydrogen and
hydrogen-hydrogen pair potentials. Unfortunately, it is unable

to describe correctly the gas-liquid frequency shifts of the
intramolecular vibrations.
Therefore, in the improved model (BJH), the total potential

is separated into an intermolecular and an intramolecular part.
The intermolecular pair potential is an only slightly modified
version of the CF model and is given by

with V(r) in kJ/mol andr in Å.
The intramolecular part is based on the water potential in

the formulation of Carney et al.:10

with F1 ) (r1 - re)/r1, F2 ) (r2 - re)/r2, andF3 ) R - Re )
∆R, wherer1, r2, andR are the instantaneous O-H bond lengths
and H-O-H angle; the quantitiesre andRe are the correspond-
ing equilibrium values (re ) 0.9571 Å,Re ) 104.52°). The
finally adopted parameter set is given in Table 1. For a
comparison of the BJH model with other flexible water models,
the reader is referred to a recent review by S.-B. Zhu et al.11

The simulations were carried out using the BJH water model
either at constant total energy or temperature. The details of
the simulations are given in Table 2. The densities of the
asymmetric and mixed systems were calculated in an additive
way on the basis of the experimental densities of the symmetric
molecules. In all simulations, the cubic basic box contained
200 water molecules. In the case of the mixtures, the number
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TABLE 1: Potential Constants (kJ/mol) Used for the
Intramolecular Part of the Water Model 7 a

F1F2(F1 + F2) -55.7272 F1
2 + F2

2 2332.27
(F1

2 + F2
2)∆R 237.696 F1F2 -55.7272

(F1
4 + F2

4) 5383.67 (F1 + F2)∆R 126.242
F1F2(F1

2 + F2
2) -55.7272 (∆R)2 209.860

(F1
3 + F2

3)∆R 349.151 F1
3 + F2

3 -4522.52

a The notations are according to eq 2.

VOO(r) ) 604.6/r + 111889/r8.86-

1.045{exp[-4(r - 3.4)2] - exp[-1.5(r - 4.5)2]} (1a)

VOH(r) ) -302/r + 26.07/r9.2-
4179/{1+ exp[40(r - 1.05)]} -16.74/{1+

exp[5.493(r - 2.2)]} (1b)

VHH(r) ) 151.1/r + 418.33/{1+ exp[29.9(r - 1.968)]}

(1c)

Vintra ) ∑LijFiFj + ∑LijkFiFjFk + ∑LijklFiFjFkFl (2)
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of asymmetric molecules HDO, HTO, and DTO were 100, 98,
and 100, respectively, as the equilibrium constant in the case
of HDO and DTO is approximately 4 and that for HTO
significantly smaller at 298 K.14 Periodic boundary conditions
and the minimal image convention were employed. The Gear
fifth-order predictor-corrector method was used for the integra-
tion of the classical equations of motions, and the shifted force
method15 was applied for the truncation of the intermolecular
potentials.
In the NVT runs, the Nose´ thermostat was used.16 This

method changes the simulation time scale with respect to the
real one. If dt denotes the input time step for the integration of
the equations of motions of the Nose´ system and dtreal the real
time step, then dtreal ) dt/s, wheres is the variable of the extra
degree of freedom in this extended system. This rescaling leads
to incorrect calculations of real-time-dependent phenomena, e.g.,
velocity autocorrelation functions. The problem can be solved
by integration of the equations of motions with the variable time
step dtint ) dts. This modification results in an equidistant
integration in the real time scale during the simulation without
changing the temperature control features of the thermostat.
The thermal bath parameter was 1.8× 10-25 kJ‚s2/mol in all

NVT simulations, and the temperature was set to 298.2 K. In
the NVE ensemble, the average temperature was very close to
that. In these cases, the total energy was stable to better than
0.4% for H2O, 0.05% for D2O, and 0.02% for T2O during the
entire simulation without rescaling of the velocities.

Results and Discussion

In order to check whether the thermostat influences the power
spectra of the translational, rotational, and vibrational modes,
simulations with a NVE and a NVT ensemble were performed
for the pure H2O, D2O, and T2O systems. In the limits of
statistical uncertainty, the results were the same. Therefore,
we present and discuss only the NVE results for these three
systems here, because in the case of the NVE simulations we
have better statistics than in the case of the NVT ones. But for
all other systems, only simulations for the NVT ensemble were
performed.
(a) Hindered Translations. The spectral densities of the

hindered translational motions calculated from the Fourier
transforms of the center-of-mass velocity autocorrelation func-
tions of the pure symmetric and hypothetical systems are shown
in Figure 1. They are very similar to each other including the
mixed water systems. They show a maximum at about 50 cm-1

for the main peak and a pronounced shoulder at 170-190 cm-1

(see Table 3) which have been attributed to the hydrogen bond
O-O-O bending and the O-O stretching motions, respec-

tively.17 The corresponding values of about 60 and 170 cm-1

for liquid H2O and D2O were obtained from Raman and far-
infrared measurements.18

The red shifts of the translational frequencies at the main
peak for the isotopically substituted molecules correspond
approximately to the square roots of the inverse ratios of the
masses, as expected. The positions of the main peak maxima
of the translational spectra for the hypothetical systems (HDO,
HTO, and DTO) are slightly different from the spectra of the
mixture systems (H2O + HDO + D2O, H2O + HTO + T2O,
and D2O + DTO + T2O), due to the contributions of the
symmetric (H2O, D2O, and T2O) water molecules. The red
shifts of the translational frequencies between 230 and 300 cm-1

at the shoulder edge are about 5% for D2O and 10% for T2O
relative to the frequency for H2O (see Figure 1a) and about
2.5% for HTO and 5% for DTO when compared with the
frequency for HDO (see Figure 1b). They are in agreement
with the ratiosWD2O/WH2O ≈ 0.95,WT2O/WH2O ≈ 0.90,WHTO/
WHDO ≈ 0.975, andWDTO/WHDO ≈ 0.95 calculated approxi-
mately from the stretching frequencies of isotopically substituted
diatomic molecules, using the formW∼ xf/µ, whereµ is the
reduced mass of the diatomic molecule andf the force constant.
We have to note that the fixation of the positions of the shoulders
is somewhat arbitrary, because of their different shapes.

TABLE 2: Details of the Simulations

ensemble
F/(g/cm3)
at 298 K

data
collectn
time/ps

H2O NVE 0.9971a 120
NVT 0.9971 20

D2O NVE 1.1044a 120
NVT 1.1044 20

T2O NVE 1.2138b 150
NVT 1.2138 20

HDO NVT 1.0508 30
HTO NVT 1.1057 30
DTO NVT 1.1591 30
H2O+ HDO+ D2O NVT 1.0508 30
H2O+ HTO+ T2O NVT 1.1057 30
D2O+ DTO+ T2O NVT 1.1591 30

aReference 12.bReference 13.

Figure 1. Normalized spectral densities of the hindered center-of-
mass translational motions of H2O (solid), D2O (dashed), and T2O
(dotted) (a) and of HDO (solid), HTO (dashed), and DTO (dotted) (b)
in arbitrary units.

TABLE 3: Frequencies (cm-1) of the Main Peak and
Shoulder Maxima of the Spectral Densities of the
Translations for the Pure and Mixture Systemsa

main peak sh

H2O (NVE) 53 190
D2O (NVE) 50 180
T2O (NVE) 49 170
HDO 51 180
HTO 50 170
DTO 47 170
H2O+ HDO+ D2O 53 190
H2O+ HTO+ T2O 48 170
D2O+ DTO+ T2O 47 170

a The statistical uncertainties of the main peaks and of the shoulders
are estimated to be(1 and(5 cm-1, respectively.
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(b) Librational Motions. The spectral densities of the
librational modes of the water molecules were calculated by
Fourier transformation of the velocity autocorrelation functions
derived from the simulations, according to the scheme described
in the Appendix. The spectral densities for the symmetric and
asymmetric pure systems are presented in Figure 2. The
positions of the maxima of the librational bands for both the
pure and the mixture systems are given in Table 4. The ratios
of the peak maxima of the spectral densities and the corre-
sponding square roots of the inverse ratios of the moments of
inertia around the three principal axes are given in Table 5.
Table 5 shows that the ratios of the frequencies follow
approximately, as expected, the product rule of the isotope effect
for rotational frequencies.19

The experimental values for the frequency maxima in the
range of the librations for H2O and D2O measured by various
methods have been collected in ref 18. They cover a similar
frequency range as those given in Table 4. Of course, an
assignment as in this paper is not possible. Therefore, some
higher frequencies remain unexplained.
There are only small differences in the frequencies of the

peak maxima between the hypothetical and the mixed water
systems (see Table 4). It should be noted that the librational
frequencies of the peak maxima of the mixed systems are not,
in all cases, the weighted average of those of the constituent
molecules, because the average has to taken over the bands
which are in some cases quite asymmetric. Accordingly, this
argument applies also for the differences between the ratios of
the peak maxima and the moments of inertia in Table 5.
(c) Intramolecular Vibrations. The spectral densities of the

three normal mode vibrations for the H2O + HTO + T2O
mixture have been calculated by Fourier transformation from
the projected velocity autocorrelation functions of the hydrogen
isotopessaccording to the method described in the Appendixsand
are shown in Figure 3. The ones for the H2O + HDO + D2O
and D2O + DTO + T2O mixtures are quite similar to those
shown in Figure 3 but differ, of course, in the positions of the
peak maxima. The frequencies of the peak maxima for all of
the isotopically substituted water systems are collected in Table
6, together with the experimental ones.20-27 It can be seen that
the frequencies of the peak maxima, as far as they have been
measured, are in reasonable agreement with the experimental
values. The ratios of the vibrational frequency maxima,ν′max/
νmax, for H2O to D2O and D2O to T2O from the simulations are
equal to 1.38, 1.37, and 1.37 and 1.20, 1.19, and 1.19 for the
symmetric stretching, asymmetric stretching, and bending
motions, respectively, and reproduce the ideal isotopic ratios
1.37 and 1.19.
The reproduction of the positions of the maxima of the

spectral densities from the simulations with the BJH model by
the experimental results justifies the conclusion that the results
predicted for the vibrational modes of HDO, HTO, and DTO,
those for the stretching vibrations of T2O, as well as the splitting
of the stretching vibrations intoν1 andν3 in the mixtures are
reliable. The uncertainty in the predicted values can be
estimated from the deviation of the simulated and measured
frequencies.
The comparison of the results for the homogeneous substances

with those of the mixtures shows that the nine bending
frequencies in the mixtures are in the limits of uncertainty the
same as those of the six pure substances. This is a consequence
of the fact that the spectral bands are well separated (Figure 3).
This figure also shows that the bands at low and high stretching

Figure 2. Normalized spectral densities of the librations around the
three main axes of the hydrogen-isotope-substituted water molecules
in arbitrary units.Wx (solid),Wy (dashed),Wz (dotted). The axes are
defined in the insertions.

TABLE 4: Frequencies (cm-1) of the Peak Maxima of the
Spectral Densities of the Librations for the Different Water
Systemsa

Rx Ry Rz

H2O 420 593 417
D2O 313 417 290
T2O 265 360 234
HDO 360 566 328
HTO 338 560 271
DTO 289 411 256
H2O+ HDO+ D2O 361 579 323
H2O+ HTO+ T2O 334 575 281
D2O+ DTO+ T2O 292 405 257

a The axes are defined in the insertions of Figure 2. The statistical
uncertainty is estimated to be(4 cm-1.

TABLE 5: Ratios of the Frequencies of the Peak Maxima of
the Spectral Densities of the Librations and, in Parentheses,
the Corresponding Square Roots of the Inverse Ratios of the
Moments of Inertia for the Isotopically Substituted Water
Molecules

x y z

RD2O/RH2O 0.745 (0.721) 0.703 (0.745) 0.695 (0.706)
RT2O/RH2O 0.631 (0.600) 0.607 (0.638) 0.561 (0.577)
RHTO/RHDO 0.939 (0.884) 0.989 (0.989) 0.826 (0.848)
RDTO/RHDO 0.803 (0.787) 0.726 (0.760) 0.781 (0.800)

Figure 3. Normalized spectral densities of the three intramolecular
vibrational modes symmetric stretching (solid), bending (dashed), and
asymmetric stretching (dotted) of the H2O + HTO + T2O mixture in
arbitrary units.
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frequencies are not very well separated. The three contributions
expected at the low and the high frequencies are reduced to
only two. In the experiment, even these two cannot be separated
(Table 6). The same arguments are valid, of course, for the
other two mixtures accordingly.
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Appendix

In order to separate the various librational and vibrational
modes of the water molecules, the scheme of Bopp et al.28 has
been extended for the asymmetric molecules. The procedure
is as follows: The instantaneous velocities of the hydrogen
isotopes in the center-of-mass system are projected onto the
instantaneous unit vectors (i) in the direction of the correspond-
ing center-of-mass-H vectors (ub1 andub2), (ii) perpendicular to
the center-of-mass-H vectors in the plane of the molecule (Vb1
andVb2), and (iii) perpendicular to the plane of the molecule (pb1

andpb2).
The principal rotational axes and the center of mass of the

asymmetric water molecules do not correspond to those of the
symmetric water molecules. The principal axes have been
introduced according to the definition which can be found, e.g.,
in ref 29. In order to get rotational velocity autocorrelation
functions around the new axes, theVbi andpbi in the scheme by
Bopp et al.28 for symmetric molecules have to be scaled by the
distances of the hydrogen isotopes from the corresponding
principal axes (dx,y,z-1,2).
Using capital letters to denote now the projections of the

hydrogen velocities onto the corresponding unit vectors, the
following quantities are defined:

Q1,Q2, andQ3 describe the three normal mode vibrations usually
referred to as symmetric stretch, bend, and asymmetric stretch,
respectively. Rx, Ry, and Rz are the instantaneous rotations

around the three principal axes of the water molecule, as shown
in the insertion of Figure 2. The Fourier transforms of the
autocorrelation functions of these quantities are the spectral
densities of the corresponding modes. We have to note that,
in the low mass isotope cases (H and D), the modes could also
be separated satisfactory, if we used the O-H(D) vectors instead
of the center-of-mass-H vectors, as projection directions.
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TABLE 6: Frequencies (cm-1) of the Peak Maxima of the Spectral Densities of the Intramolecular Vibrations from the
Simulation and from Experimenta

ν1 ν2 ν3 expt

H2O 3480 1705 3594 3450,b 1645,b 3630b

D2O 2515 1247 2630 2515,b 1235,b 2660b

T2O 2090 1046 2217 -, 1024,c -
HDO 2559 1499 3531
HTO 2144 1426 3528
DTO 2140 1154 2571
H2O+ HDO+ D2O 2537/3505 1243/1505/1715 2565/3563 2540,d 1450,e 3435g

1447f

H2O+ HTO+ T2O 2122/3507 1048/1431/1715 2191/3581 2130,h 1370,h -
2112,i 1379,i -

D2O+ DTO+ T2O 2124/2535 1048/1154/1248 2207/2597 2105,i 1121,i 2509i

a The statistical uncertainty of the simulated results is estimated to be(10 cm-1. bReference 20.cReference 21.dReference 22.eReference 23.
f Reference 24.gReference 25.hReference 26.i Reference 27.

Q1 ) U1 + U2 Rx ) V1/dx-1 - V2/dx-2 (3a)

Q2 ) V1 + V2 Ry ) P1/dy-1 + P2/dy-2 (3b)

Q3 ) U1 - U2 Rz ) P1/dz-1 - P2/dz-2 (3c)
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