
A systematic development of a polarizable potential of water
Péter T. Kiss and András Baranyai 
 
Citation: J. Chem. Phys. 138, 204507 (2013); doi: 10.1063/1.4807600 
View online: http://dx.doi.org/10.1063/1.4807600 
View Table of Contents: http://jcp.aip.org/resource/1/JCPSA6/v138/i20 
Published by the American Institute of Physics. 
 
Additional information on J. Chem. Phys.
Journal Homepage: http://jcp.aip.org/ 
Journal Information: http://jcp.aip.org/about/about_the_journal 
Top downloads: http://jcp.aip.org/features/most_downloaded 
Information for Authors: http://jcp.aip.org/authors 

Downloaded 31 May 2013 to 157.181.190.34. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions

http://jcp.aip.org/?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1153161315/x01/AIP-PT/AIP_PT_JCPCoverPg_0513/comment_1640x440.jpg/6c527a6a7131454a5049734141754f37?x
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=P�ter T. Kiss&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=Andr�s Baranyai&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4807600?ver=pdfcov
http://jcp.aip.org/resource/1/JCPSA6/v138/i20?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://jcp.aip.org/?ver=pdfcov
http://jcp.aip.org/about/about_the_journal?ver=pdfcov
http://jcp.aip.org/features/most_downloaded?ver=pdfcov
http://jcp.aip.org/authors?ver=pdfcov


THE JOURNAL OF CHEMICAL PHYSICS 138, 204507 (2013)

A systematic development of a polarizable potential of water
Péter T. Kiss and András Baranyai
Institute of Chemistry, Eötvös University, P.O. Box 32, 1518 Budapest 112, Hungary

(Received 10 December 2012; accepted 8 May 2013; published online 31 May 2013)

Based on extensive studies of existing potentials we propose a new molecular model for water. The
new model is rigid and contains three Gaussian charges. Contrary to other models, all charges take
part in the polarization of the molecule. They are connected by harmonic springs to their gas-phase
positions: the negative charge to a prescribed point on the main axis of the molecule; the positive
charges to the hydrogens. The mechanical equilibrium between the electrostatic forces and the spring
forces determines the polarization of the molecule which is established by iteration at every timestep.
The model gives excellent estimates for ambient liquid properties and reasonably good results from
high-pressure solids to gas-phase clusters. We present a detailed description of the development
of this model and a large number of calculated properties compared to the estimates of the non-
polarizable TIP4P/2005 [J. L. F. Abascal and C. Vega, J. Chem. Phys. 123, 234505 (2005)], the
polarizable GCPM [P. Paricaud, M. Predota, A. A. Chialvo, and P. T. Cummings, J. Chem. Phys.
122, 244511 (2005)], and our earlier BKd3 model [P. T. Kiss and A. Baranyai, J. Chem. Phys. 137,
084506 (2012)]. The best overall performance is shown by the new model. © 2013 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4807600]

I. INTRODUCTION

In the past four decades several dozen molecular mod-
els of water have been suggested and tested as simple enti-
ties capable of mimicking water as a bulk liquid, solid, or
vapor using only classical mechanics and electrostatics.1, 2

During this time the scientific community gradually canon-
ized several models as easy to use, computationally cost-
effective force fields, and applied them for many different
problems. The most notable models in this sense are the
SPC/E,3 the TIP4P,4 and the TIP3P4 models. These are rigid,
nonpolarizable models fitted to the properties of ambient wa-
ter, most typically, internal energy, density, and partial pair-
correlation functions.

Recent developments of models followed two direc-
tions. Some researchers exploiting the increased computer
power reparametrized these rigid models like the TIP4P-
EW5 or the TIP4P/2005.6 The other approach was to de-
velop polarizable models to enhance the range of state vari-
ables where the estimates of the model are reasonable. Such
models are the GCPM,7 variants of the COS,8–10 and the
SWM411, 12 models. While polarizable models are more ad-
equate when the density of water is close to the gas state, in
condensed phases their performance is far from satisfactory.
In fact, their reparametrized nonpolarizable counterparts pre-
dict many properties of water with greater accuracy.13–15

In this paper we introduce a new model and demonstrate
that it is one of the most powerful classical polarizable models
in the literature. The powerfulness of the model comes from
the fact that it describes water in the entire state diagram with
reasonable accuracy. We believe that this transferable char-
acter of the water model is important. If a model has only
limited applicability, answers to questions about properties or
state variables not used in the fit are less reliable than answers
given by a transferable model.

We describe our force field in a systematic fashion ex-
plaining our choices. We start with the major features of the
model in Sec. II. We discuss options in detail for the geome-
try (Sec. II A), the charge distribution (Sec. II B), the non-
electrostatic interactions (Sec. II C), and the polarizability
(Sec. II D). In Sec. III we describe the two major ingredi-
ents of the numerical work: handling of long-range forces for
Gaussian charge-on-spring particles (Sec. III A) and the in-
tegration algorithm for isotherm-isobar systems (Sec. III B).
In Sec. IV we parameterize the free variables of the model
following a hierarchy of properties in terms of their impor-
tance. In Sec. V we present the results. The results are com-
pared with the estimates given by the TIP4P/2005,6 the GCP,7

and our recent BKd313 models. The first model is a nonpolar-
izable one but resulted from extensive studies involving the
estimation of the entire phase-diagram for water,16, 17 it gives
an excellent description in the liquid-solid region. The GCP
model,7 not surprisingly, gives excellent estimates close to the
gas phase,18–20 since this model was deliberately devised for
the critical region. TIP4P/2005, a nonpolarizable model, does
not work consistently close to the gas phase despite its good
estimate of the critical temperature.15 However, together with
the GCP model as a complementary, they cover the phase di-
agram of water reasonably well. The BKd3 model is a good
charge-on-spring polarizable model exploiting the possibility
of varying molecular size.13 This model gives acceptable es-
timates for properties all over the phase diagram.14, 15 Obvi-
ously, there are numerous other models in the literature which
might deserve attention, but to review them would widen the
scope of this paper too much. Therefore, apart from histori-
cally important examples, we restrict ourselves to models re-
lated to ours.

First, we discuss the properties calculated for ambient
water (Sec. V A). Since we intend to use our model as a sol-
vent, the accuracy of this region has primary importance. In
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Subsection V B we present properties in terms of the tempera-
ture. The anomalous behavior of water is most apparent from
its temperature dependence. The description of the vapor-
liquid equilibrium with the equilibrium vapor pressure and
the surface tension in terms of the temperature is discussed
in Subsection V C. Closely related to this, the results of me-
chanically equilibrated clusters of water up to 6 molecules
(Sec. V D) and the temperature dependence of the sec-
ond virial coefficient (Sec. V E) are presented. The melt-
ing properties are discussed in Subsection V F. Finally, we
present results of simulations for high-pressure crystalline
polymorphs of water (Sec. V G). In Sec. VI we conclude our
study.

II. THE MODEL

A. Geometry

The geometry of the water molecule is experimentally
known in the gas phase. The bond angle is 104.52◦ and
the OH bondlength is 0.9572 Å.21 These values are used in
most models. A notable exception is the SPC22 model which
uses the perfect tetrahedral angle, 109.47◦, and 1.0 Å for the
bondlengths. We experienced that the role of the bond angle
is less important than the bondlength. However, if the dipole
moment of the molecule is fixed, the difference in the fitted
charges compensates small differences in the geometry. It is
known that the OH bondlength is larger than 0.9572 Å in con-
densed phases.23 High precision quantum chemical calcula-
tions show that although the minimum of the potential energy
surface is at 0.9579 Å, the expectation value is 0.9757 Å in
the ground state because of the anharmonicity.24 Therefore,
we broke with the tradition and opted for a reasonable value
of 0.9750 Å as the OH bondlength. While this value has some
arbitrariness, it must be close to the range of actual values in
condensed phases.

An important question concerns the vibrations of wa-
ter which have an inherently quantum mechanical charac-
ter. There have been attempts in the literature to handle
these motions classically. Most notable are the central force
methods25–27 or to equip the classical model with stretch-
ing and bending.1, 28, 29 Recently, the successful TIP4P/2005
model6 was also supplemented by classical vibrational
modes.29 The results were similar or only slightly better than
that of TIP4P/2005 but the equilibrium OH bondlength had
to be chosen unrealistically low: 0.9419 Å. Tironi et al. also
concluded that the introduction of the flexibility with clas-
sical vibrations does not improve the quality of the mod-
els significantly,30 but creates some theoretical and tech-
nical problems (e.g., quantum nature of vibrations, shorter
timestep). Certainly, there is a possibility to attach vibra-
tions with quantum mechanical nature using the path inte-
gral approach.31–33 The quantum mechanical treatment of the
molecule could contribute a lot to understand certain anoma-
lies of water where quantum effects can be significant. Still,
these computations are expensive and their overall superiority
has not been demonstrated to render powerful classical mod-
els obsolete.

So, our choice is a rigid geometry with 104.52◦ bond
angle and 0.9750 Å OH bondlength, and intramolecular vibra-
tions are not included. Using a rigid model we ignore the pos-
sibility that the average OH bondlength varies a bit as a func-
tion of polarization. It is certainly shorter in the gas phase than
in the liquid, and shorter in the liquid than in the ice phases.
The rigid model cannot handle this variation which has an
impact on the relative stability of liquid water and ice, and
will have some effect on intermolecular distances of clusters.

B. Charge distribution

At first it seems natural to put partial charges on the oxy-
gen and the hydrogen atoms. This arrangement is adopted in
the case of the SPC,22 SPC/E,3 and TIP3P4 models. Stud-
ies carried out by us showed that this arrangement creates
geometries in gas phase clusters not found in experiments
or quantum chemical calculations.34 For these models both
the trimers and the tetramers form a completely planar ar-
rangement (all atoms are in the same plane) contrary to the
experiment35 and quantum chemical calculations.36 We ob-
served that structures close to planar for trimers are more fre-
quent in the liquid phase with SPC-type models than with
TIP4P-type ones.37 This questions the correctness of the
many body structure described by SPC-type models. In fact,
for three charges a reasonable approximation of the gas-phase
quadrupole moments also requires pulling the negative charge
closer to the hydrogen atoms.

To picture water where the oxygen atom is in the center
of a tetrahedron and the OH bonds and the two nonbonding
pairs point towards the vertices seems to agree with chemical
theory. One of the first models of water, termed as ST2,38 used
this geometry and so did many following models.1 The most
notable is the recently developed TIP5P force field.39, 40 Our
study for clusters showed, however, that the tetrahedral charge
distribution creates many low energy clusters with peculiar
geometries not found by quantum chemical calculations.34

And for these tetragonal models the density of the ice Ih crys-
tal is as high as 0.97–0.98 g/cm3, while the experimental value
is 0.917 g/cm3.17

Vega and co-workers studied the complete phase dia-
gram of nonpolarizable water models.16, 17 They found that
the phase diagram is qualitatively incorrect for the SPC and
TIP5P-type models (e.g., some ice phases are missing or the
hexagonal ice is stable only at negative pressures), but for the
TIP4P-type models the phase diagram is qualitatively correct.
Therefore, we choose a TIP4P-type charge distribution for our
model.

Fifteen years ago Chialvo and Cummings introduced
Gaussian charge distributions instead of point charges.41 Later
on, the same idea was utilized in the GCP model.7 If point
charges are converted to Gaussian ones, the multipole mo-
ments do not change. The interaction energies and forces of
Gaussians are analytical functions. The demand for calcula-
tions is larger than that for point charges but the reward is a
more realistic description of the electrostatic potential around
the molecule and a substantially larger numerical stability.
The Gaussian charges are represented by a spherical charge
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distribution as follows:

ρia(r) = qia(
2πσ 2

ia

)3/2 exp

(−|r − ria|2
2σ 2

ia

)
, (1)

where ρ ia is the charge density of site a on molecule i, cen-
tered at ria, whose charge is qia and its distribution width is
σ ia. The corresponding Coulomb interaction energy, Uqq, be-
tween Gaussian charges then becomes

Uqq = 1

2
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jb)

⎞
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(2)
where erf is the error function. It can be seen from Eq. (2) that
as the distribution width approaches zero, i.e., σ → 0, we re-
cover the usual formula for the Coulomb interaction between
point charges. The energy is a function of the σ − s, the wider
the distribution is the higher the energy will be between two
opposite charges at the same distance.

The distribution of Gaussian charges can follow the prin-
ciples established for point charges. The centers of the posi-
tive charges are placed on the hydrogen atoms, while the neg-
ative charge is positioned on the main axis of the molecule
between the hydrogens and the oxygen. In our case the neg-
ative charge, −1.168 esu, and its distance from the oxygen,
0.2661 Å, is determined from the requirement that the dipole
moment of the molecule matches the experimental gas-phase
value, 1.855 D,42 while the eigenvalues of the quadrupole mo-
ment tensor, Qxx = 2.660 D Å, Qyy = −2.335 D Å, and Qzz

= −0.325 D Å, were obtained from a least square fit to the
experimental values: Qxx = 2.626 D Å, Qyy = −2.493 D Å,
Qzz = −0.134 D Å.43

C. Nonelectrostatic interactions

Perhaps, the most canonized interaction in the computer
simulation community is the Lennard-Jones function. Two
clearly interpreted parameters, simple form, and computa-
tional advantages caused its widespread use not only as a
model in itself but as an indispensable part of more compli-
cated force fields. Most of the existing water models stuck
to this form. While the r−6 term correctly describes the dis-
tance dependence of the induced dipole-induced dipole inter-
action, there is no such theoretical justification for the r−12

term. Replacing the r−12 term with a simple exponential in
the form of Aexp(−Br) we could obtain better fits. The r−12

repulsion overemphasizes the structure and using a parame-
ter set fitted to ambient liquid provides very poor results for
clusters and the second virial coefficient. In addition to this,
the exponential function is more realistic describing the repul-
sion between adjacent molecules as a result of the overlapping
electron clouds because the decay of the electron density is
exponential at high distances. Therefore, we use the following
form for the nonelectrostatic interactions:

Une =
N∑

i,j>i

[
A exp

(−Brij

) − C/r6
ij

]
, (3)

where rij is the distance between the oxygens of molecule i
and j.

The exponential form used also by the GCP model7

is not new. For water it was applied by Errington and
Panagiotopoulos44 in 1998. The potential models of Williams
and co-workers45, 46 and the models of alkali-halide crystals or
melts47, 48 used exponential repulsions much earlier. The rea-
son that the r−12 form is more widespread than exponential
repulsion is that the former is computationally much cheaper
which was an important factor several decades ago.

D. Polarization

An inherent weakness of nonpolarizable models is their
inability to respond to drastic changes in the environment,
most notably, as solvents of biopolymers or in very dilute sys-
tems. The need for polarizable models is old49–52 but usable
models appeared only in the late 1980s.53–55 A more system-
atic search for polarizable models continued and new models
emerged.56–59

The experimental gas phase dipole moment of water is
1.855 D.42 The dipole moment of the molecule changes sub-
stantially when moving from the gas state to the condensed
state. The polarizability of the gas-phase molecule is close to
isotropic, the values of its components are60 αxx = 1.4146 Å3,
αyy = 1.5284 Å3, and αzz = 1.4679 Å3. Since we do not
know how these gas-phase values will vary under the influ-
ence of finite electric field, the simulation community uses a
spherically averaged value of 1.440–1.444 Å3. It turned out
studying gas-phase clusters34 that the isotropic polarizability
is essential. The TIP4P-FQ model56 allows to polarization of
the molecule only in the HOH plane. Contrary to experimen-
tal and quantum chemical evidences, the trimers and tetramers
with this force field are planar just like in the case of the non-
polarizable SPC/E or TIP3P counterparts mentioned above.34

Among the recent polarizable force fields we did not study the
PPC model58 but its planar polarizability certainly causes the
same problem for gas clusters.

There are two methods in the literature to represent
isotropic polarization: the polarizable point dipole and the
charge-on-spring method. We opted for the charge-on-spring
method for two reasons. First, point dipoles seem less re-
alistic when the intermolecular distances are small. Second
and more importantly, handling of the long-range interactions
when explicit dipoles are involved is quite cumbersome.

The idea of charge-on-spring models is the following.54

A partial charge is connected by a harmonic spring to a pre-
determined point on the rigid molecular frame. Under an ex-
ternal electric field the spring elongates until the electrostatic
and the spring forces cancel each other. This displacement of
the partial charge causes the change of the dipole moment.
The induced dipole, p is: p = αE = ql, where q is the charge,
l is the elongation vector of the spring, α is the polarizability,
and E is the electric field. From the equality of the electro-
static (Fe) and spring forces (Fs) one has: qE = Fe = −Fs

= ksl = ksαE/q. So the spring constant is ks = q2/α.
This method was used in the SWM4 models11, 12 of water

in the form of a Drude oscillator. A partial charge is connected
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by a harmonic spring to the oxygen, while another charge with
the same size but opposite sign is placed on the oxygen. In the
absence of an external polarizing force the spring charge also
rests on the oxygen, so the net charge on this atom is zero. The
model contains five charged sites. The three remaining point
charges, on the hydrogens and on the bisector of the HOH
angle, approximate the gas-phase quadrupole moment of the
molecule. This model has been parametrized twice. First, the
spring charge was chosen to be positive and the charge on the
oxygen negative, SWM4-DP,11 then with a slight refinement
of other parameters the spring charge was set to be negative
and the oxygen site positive, SWM4-NDP.12

Another family of recently published charge-on-spring
models is the COS models of van Gunsteren and co-
workers.8–10 In these models, the TIP4P or SPC charge distri-
bution is used but a charge-on-spring particle is connected to
the site of the negative charge, therefore, these models contain
only four point charges. The first versions, the COS/B8 mod-
els, are based on the SPC model. However, these are not “real”
polarizable models because their permanent dipole moment
is higher, and the polarizability is lower than the experimen-
tal value. The COS/G2 and COS/G39 use TIP4P-type charge
distribution, the permanent dipole matches the experimental
gas-phase value, so they are more consistent models than the
COS/B series, and observables computed with them are also
much better. In the COS/D10 model a field-dependent polariz-
ability was introduced to correct the somewhat high dielectric
constant of the COS/G models, but the reported expression for
the polarization self energy term is erroneous, so the results of
this model are not significant.

Recently, we developed a model which was also a charge-
on-spring model but it used Gaussian charges.61 The greater
numerical stability against polarization catastrophe without
any damping made it possible to use only three charged sites:
a negative charge served as the charge-on-spring particle and
the positive charges rested on the hydrogens. There were three
variants of this model. The BKd162 has exponential repul-
sion and constant polarizability (1.444 Å3), and it was fit-
ted not just to ambient water properties but also to prop-
erties of hexagonal ice. Since the dielectric constant of the
BKd1 model turned out to be too high, in our next model,
BKd2,63 based on theoretical considerations64 the polarizabil-
ity was damped at higher electric fields. In the BKd313 model
this problem was solved in another way: the parameters of
the nonelectrostatic interactions were coupled to the induced
dipole moment, so a fictive electric field appeared from the
nonelectrostatic forces, which reduced the polarization and
created molecules with different repulsions and attractions.
This method made it possible to fit the parameters to the
density-temperature function, which had a positive impact on
the melting and critical properties (we will discuss it later in
detail).13–15

Studying the behavior of our BKd1, BKd2, and BKd3
models we experienced that for models with only one spring
charge (or polarizable point dipole) polarization happens most
of time along the main axis of the molecule because of the
nearly tetrahedral structure of water which creates electric
field mainly in this direction. Therefore, these polarizable
models were very close to a simplified model when the mo-

tion of the negative charge is restricted to the main axis of
the molecule, and the negative charge fluctuates around its
average position. Since these models try to describe the ge-
ometry and charge distribution of the single molecule with
achievable accuracy as a starting arrangement, and use phys-
ical principles for polarization, flexibility of their fitting abil-
ities is much more restricted than that of their nonpolarizable
counterparts for which the charge distribution and nonelec-
trostatic forces are arbitrary as long as they give good fits to
the most important properties. Thus, the advantages of using
polarization are strongly reduced by the limited freedom of
parameter fits.

The most economic way to get away from this “direction
restricted” polarization is to involve the two other charges in
polarization as well. Three polarizable charges ensure that the
response of the charge distribution to polarization will be not
only an elongation in the direction of the main axis but also
a more realistic three-dimensional deformation. We use the
conventional 1.44 Å3 polarizability and distribute it between
the charges proportional to their magnitudes, so that half of
the polarizability (0.72 Å3) is assigned to the negative charge
and a quarter (0.36 Å3) is assigned to the positive charges.
One might argue that most of the polarization happens on
the oxygen, so the usage of all three charges with the same
role is unphysical. However, the model does not mimic the
rearrangement of the electron cloud. The charges are used to
describe the electrostatic potential around the molecule. Dur-
ing polarization, because of the higher electron density, sig-
nificant change in the electron structure happens around the
oxygen, but this does not mean that the electrostatic potential
cannot be described by charges not positioned on the oxygen
or very close to it.

The so-called polarization self energy term, which is the
work what we have to invest to make induced dipoles, is

Uself = 1

2

∑
i

∑
a

αiaE2
ia = 1

2

∑
i

∑
a

p2
ia

αia

, (4)

where a runs over the charged sites. In charge-on-spring mod-
els this energy is none other than the energy stored in the
springs.

Our model uses Gaussian charge distributions and expo-
nential repulsion like the GCPM.7 However, we use charge-
on-spring method for polarization with only 3 interacting
charges instead of 3 fixed ones and a polarizable point dipole.
All 3 charges take part in the polarization.

The schematic diagram of the model is shown in
Figure 1.

III. SIMULATION DETAILS

A. Handling of the charge-charge interactions

When a model system contains charges special tech-
niques are needed to handle the long-range character of the
electrostatic interactions. In the literature there are two meth-
ods for this purpose: the Ewald summation and the reaction
field method.65 In this paper we refer to results obtained by
the Ewald summation technique. This method has a Hamil-
tonian which ensures energy conservation. A proper choice
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FIG. 1. Schematic depiction of the BK3 model.

of the screening parameter performs this numerically. The re-
action field method is a time-saving way to model molecular
system by involving continuum electrostatics without rigor-
ous energy conservation.

In our case because we have Gaussian charges the point-
charge expressions of Ewald summation are generalized. We
provided expressions for the internal energy, forces, and pres-
sure in our previous paper.61 Since in our model the charge-
on-spring particles have no mass, they follow the motion
of the nuclei instantaneously. An iterative scheme is needed
which does this iteration efficiently in each timestep of the
integrating algorithm. We use direct iteration with a predic-
tor scheme to speed up this process. In our previous paper
we provided a detailed account about the time-saving meth-
ods the program uses including the iteration.14 We evaluated
this scheme for different numbers of iteration and different
orders of prediction and found that for a 3rd order prediction
3 iterations are sufficient to obtain a ∼=2 × 10−5 D average
error in the induced dipole.14 This accuracy is mandatory to
obtain an accurate internal energy and pressure. There was a
widespread view in the simulation community following the
paper of Louwerse and Baerends66 that for polarizable sys-
tems modeled under periodic boundary conditions the usual
way to calculate the pressure is erroneous. We presented exact
derivations and vivid numerical results that the expression for
the pressure for charge-on-spring (or polarizable point dipole)
polarization is identical with the expression for the nonpolar-
izable case provided that the mechanical equilibrium between
the spring force and the electrostatic force is perfect for each
polarizable charge.67

The total potential energy of the system in terms of
Ewald decomposition consists of the direct and the reciprocal
coulombic terms, the nonelectrostatic term, and the polariza-

tion self-energy:

Utot = Udir + Urec + Une + Uself . (5)

It is important to note that since the seminal paper of
Berendsen et al.3 the polarization self-energy is considered
to be a part of the energy balance of each “ambitious” model.
However, in the case of nonpolarizable models this is simply
an additive term to the energy which is constant irrespective of
the state and surroundings of the molecule, while in the case
of polarizable models it is a dynamically changing property
of each molecule.

B. Integration of the equations of motion

The bulk properties calculated with the BK3 model were
obtained with a code applying the quaternion formalism65 but
any other bond fixing method could have been applied. The
integration for the center of mass motion was done by the
isotherm-isobar velocity-Verlet algorithm of Martina et al.68

The rotational degrees of freedom were integrated by the iter-
ative method of Rozmanov and Kusalik.69 The timestep was
2 fs and typical run-lengths depending on the property to be
studied were 2–10 ns. In condensed phases we used 432 par-
ticles with the exception of the vapor-liquid coexistence cal-
culations where the system consisted of 1000 particles.

IV. PARAMETRIZATION OF THE MODEL

The properties of water are very well known from
experiments.2 There are only two features we do not know:
the distribution of electric moments in condensed phases and,
in the absence of experimental access, the hypothetical low
critical point.2 In this sense the number of properties to match
is practically infinite. There is no single parameter set which
could fit every property perfectly. Typically, most models es-
tablish a hierarchy of properties to fit. For nonpolarizable
models these are the density, the internal energy, and the
pair-correlation function of for pure water at ambient condi-
tions, possibly the self-diffusion coefficient. Since we intend
to mimic many more properties, we should go further in this
process. In addition to the density of ambient water, we want
an accurate dielectric constant, to describe the temperature-
density diagram and to have an accurate density for hexagonal
ice. The opposite ends of the phase diagram were not targeted
directly because they involve long runs and separate codes.
Still, our compromise was to be as good as possible in ambient
liquid (density, internal energy, dielectric constant, viscosity,
and self-diffusion coefficient) and have the same magnitude
of errors at the two ends of the phase diagram.

We found that if the sum of the positive and negative
σ − s is ∼1.06–1.1 Å, the characteristic angle of the dimer
(the angle between the O–O line and the main axis of the ac-
ceptor molecule) will be very close to the experimental value
of 57◦ which is also advantageous for the structure of con-
densed phases. While keeping this sum close to this value,
we chose σ -pairs, and targeted ∼2.62–2.64 D as the average
molecular dipole moment in the liquid because for this model
this value ensures the correct dielectric constant. To match
other properties, we modified the terms of the repulsive and
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TABLE I. Parameters of the BK3 model (see text for details.)

Geometry Electrostatics Polarization Nonelectrostatic

dOH = 0.975 Å qH = 0.584 esu α = 1.44 Å3 A = 322 000 kJ mol−1

θHOH = 104.52◦ qS = −1.168 esu αH = 0.25α = 0.36 Å3 B = 3.56 Å−1

dOM = 0.2661 Å σH = 0.40 Å−1 αS = 0.5α = 0.72 Å3 C = 3320 kJ Å6 mol−1

σ S = 0.71 Å−1

dispersion forces but maintained the minimum energy of
the dimer close to the target value which ensures good es-
timates for the second virial coefficient. The temperature-
density curve was calculated for candidates fulfilling the pre-
vious criteria. We experienced from our previous studies that
the correct ρ–T diagram strongly influences the freezing tem-
perature and determines the critical temperature. So, we di-
rectly fitted the density of ambient liquid and hexagonal ice,
the dielectric constant, and the minimum energy of the dimer.
The rest of the properties served as an assessment of the fit.
The final parameter set found by this procedure is given in
Table I. Obviously, this set is not unique in a sense that choos-
ing a different hierarchy will lead to a different parameter set.

V. EVALUATION OF THE RESULTS

A model is good if it is simple, based on plausible phys-
ical principles and the code does not require too much com-
puter time when averages are collected during long runs. Our
code in its present form is a bit more than 4 times slower than
the one for a rigid nonpolarizable three-point charge model
(e.g., TIP4P) without special speeding-up methods (e.g., par-
ticle mesh Ewald). As expected, the same ratio remains if
the same speeding-up techniques are applied for both types
of models.

However, the models ability to predict properties is the
most important criterion. In the following we give an ac-
count about this ability for our model that we shall call
BK3 and show that its strength is to give good estimates
over a long range of the phase diagram. We compare our
model with the TIP4P/2005,6 the GCP,7 and the BKd313

models. At present the TIP4P/2005 has been called the best
condensed-phase model of water (with the exception of its
dielectric constant),17 but due to its nonpolarizable character
the properties connected to the gas phase are inaccurate or,
at least, inconsistent.15 The GCP is a polarizable model di-
rectly fitted to critical properties, therefore, this is the best
model for liquid-vapor equilibrium and properties connected
to the gas phase.7, 15, 18–20 The BKd3 is a charge-on-spring
type model which uses only one moving charge to handle the
polarization.13

Some of the properties can be obtained on the run from
the basic code for the bulk phase. The results are long time av-
erages of phase variables collected during the run. However,
there are properties which need special variations of the code
or entirely new method of calculation. We have already devel-
oped all the methodology of calculations when tested our ear-
lier models or models of other authors.13–15 We provided a de-
tailed account about the possible options to determine one or
other properties in these publications. We are not going to re-

peat these discussions in the present paper but refer the reader
to our earlier papers.13–15 However, for the sake of complete-
ness, we shortly describe some of the methods used for these
calculations.

A. Water at ambient conditions

This is the most studied state of water. Almost ev-
ery model is fitted to the internal energy, density, and pair-
correlation functions of ambient water. In Table II properties
of ambient water are shown and compared with the ones of
other models.

Diffusion coefficients were calculated using the Einstein
equation for the center of mass,

D = lim
t→∞

1

6t

〈
1

N

N∑
i=1

[ri(t) − ri(0)]2

〉
. (6)

Yeh and Hummer70 showed that the self-diffusion coeffi-
cients calculated under periodic boundary conditions depend
strongly on the size of the system, and derived a correction
factor to eliminate the finite-size effects,

D0 = DPBC + 2.837297
kBT

6πηL
, (7)

where D0 is the self-diffusion coefficients of the infinite sys-
tem, DPBC is the value calculated under periodic boundaries, η
is the viscosity, and L is the length of the cubic simulation box.
Since its derivation, Eq. (7) has been applied many times.71–75

Previous studies70, 73 demonstrated that the corrected diffu-
sion coefficients are equal to the extrapolated value for any
system size. In Figure 2 the system size dependence of the
diffusion coefficient is shown for our simulation.

The shear viscosity was determined by simulations in
canonic (NVT) ensemble using the Green-Kubo relation,

η = V

kBT

∫ ∞

0

〈
δPαβ (t) δPαβ (0)

〉
dt, (8)

where δPαβ is the deviation of the off-diagonal element of the
pressure tensor from its average value. Exploiting the sym-
metry of the system off-diagonal components and the differ-
ences between the diagonal components (e.g., δPxx-δPyy) are
also used in Eq. (8).

The heat capacity, compressibility, and thermal expansiv-
ity came from the fluctuations of the corresponding proper-
ties,

Cp =
〈
H 2

〉 − 〈H 〉2

NkBT
, (9)
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TABLE II. Properties of ambient water (298 K, 1 bar): internal energy U, density ρ, self-diffusion coefficient
D, shear viscosity η, heat capacity Cp, compressibility κT, thermal expansion coefficient αp, dielectric constant
ε, and average dipole moment 〈μ〉. The temperature of maximum density (Tmd) is also shown. The results of the
BK3 model were calculated in this work, the numbers in parentheses are the estimated errors in the last digit.
Data for the TIP4P/2005, GCPM, and BKd3 models were taken from Refs. 6, 7, 13, and 74. Experimental data
were taken from Ref. 2.

Expt. BK3 TIP4P/2005 GCPM BKd3

U (kJ mol−1) −41.5 (−43.5) −43.32(2) −47.7 −44.8 −43.6
ρ (g cm−3) 0.997 0.9974(2) 0.997 1.007 0.997
D (10−9 m2 s−1) 2.30 2.28(4) 2.06a; 2.49 2.26a 2.43a

η (mPa s) 0.896 0.951(7) 0.855; 0.83
Cp (J mol−1 K−1) 75.3 91.9(9) 88 94 88
κT (10−6 bar−1) 45.3 44.4(7) 46 . . . 45
αp (10−4 K−1) 2.56 3.01(8) 2.8 4.2 2.2
ε 78.4 79(3) 58 84 76
〈μ〉 (D) . . . 2.644(2) 2.305 2.72 2.51
Tmd (K) 277 275(3) 278 255 278

aNeglect the finite-size effects.

κT = 〈V 2〉 − 〈V 〉2

〈V 〉 kBT
, (10)

αP = 〈V H 〉 − 〈V 〉 〈H 〉
〈V 〉 kBT 2

, (11)

where the symbols have their usual meanings.
The dielectric constant is proportional to the fluctuation

of the total dipole moment of the simulation cell (M),

ε = ε∞ + 4π

3 〈V 〉 kBT

(〈
M2〉 − 〈M〉2) , (12)

where M is the sum of instantaneous molecular dipole mo-
ments. For the accurate calculation of the dielectric constant
very long runs and large systems are required. We used 432
molecules and after 200 ps equilibration performed 6 ns runs,
and repeated this procedure 5 times starting from different
starting configurations. In Figure 3(a) the convergence of the
dielectric constant is demonstrated. All averages reported in
Table II were determined from these long simulations.

0.00 0.01 0.02 0.03 0.04 0.05
1.90

1.95

2.00

2.05

2.10

2.15

2.20

2.25

2.30

2.8373 k
B
T/6ππππηηηηL

D
PBC

D
0

D
 (

10
-9
 m

2 s-1
)

1/L (Å-1)

FIG. 2. System size-dependence of the self-diffusion coefficient is shown.
The simulated systems contained 250, 432, 600, 1000, and 4000 molecules.
The circles and diamonds refer to the uncorrected and corrected values.

The experimental internal energy was calculated from
the vaporization enthalpy. Its value is −41.5 kJ/mol,2 but
Guillot and Guissani suggested that classical water potentials
should fit to a lower value, −43.5 kJ/mol.76 Their argument
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FIG. 3. (a) The convergence of the dielectric constant at different tempera-
tures. (b) The temperature dependence of the dielectric constant of the BK3
model. The error bars were estimated from five runs for each temperature.
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is that classical potentials are unable to include quantum ef-
fects, yet in the vaporization enthalpy of water the quantum
contribution is significant. In the H2O, D2O, T2O series the
quantum effects decrease, therefore, from the extrapolation of
the vaporization enthalpies in this sequence one can get the
internal energy of the hypothetical “classical” water, which
is −43.5 kJ/mol. A similar argument was proposed by Vega
et al. about to include nuclear quantum effects to obtain a bet-
ter heat capacity for water.77 Neglecting nuclear quantum ef-
fects the calculated heat capacities will be higher, therefore,
it is not worth to fit the internal energy strictly at a given
temperature. The experience supports that the internal energy
of the most powerful water models, either polarizable or not,
should be closer to this lower value (−43.5 kJ/mol) in order
to get better agreement for other properties. This is valid for
the recent BK3 model, U(BK3) = −43.3 kJ/mol, and also
for our previous model, U(BKd3) = −43.6 kJ/mol. The inter-
nal energy of GCPM (−44.8 kJ/mol) is even lower, because
this model was devised to obtain good critical properties at
the expense of reliable ambient properties. In the TIP4P/2005
model the polarization self-energy term was added to the in-
ternal energy. Since this model is nonpolarizable, the polariza-
tion self-energy is constant and just shifts the energy scale as
mentioned in Sec. III A. Thus, it is our opinion that in simula-
tions with the TIP4P/2005 model the polarization self-energy
term should be omitted. Without this term the internal energy
of the TIP4P/2005 model is very low, −47.7 kJ/mol.

The density of ambient water was a strict fitting tar-
get for every model, so their perfect match is not surpris-
ing. The exception is the GCPM, which overestimates the
density by 0.007 g/cm3, which is a major shortcoming. The
calculated self-diffusion coefficient of the BK3 model in-
cludes the finite-size correction discussed above, and it is
in good agreement with the experiment. Without finite-size
correction the TIP4P/2005 underestimates,17 with correction
overestimates74 the experimental value. The GCP model did
not report using this correction, which means that the rela-
tively good estimate of the model for 256 molecules should
be much higher.7

Accurate estimation of self-diffusion required the cal-
culation of viscosity which is also an important property
of the model on its own. We have no calculated viscos-
ity for the GCP model. The TIP4P/2005 estimate is a bit
smaller, while our value is a bit larger than the experimental
one.

The heat capacity is too high for all models, which is the
consequence of the neglect of nuclear quantum effects.77 The
compressibility of GCPM was not reported, the other mod-
els are in good agreement with the experimental value. The
agreement for the thermal expansion coefficients is not so
good, the estimate of TIP4P/2005 is somewhat better than
that for the BK models. The temperature dependence of these
properties will be discussed in Sec. V B.

In chemical or biological systems the most important sol-
vent is liquid water. In this respect the dielectric constant
is a key property, because it measures the shielding of the
Coulomb interactions. Nonpolarizable models often under-
estimate this property. This is the case for the TIP4P/2005
model. The reported dielectric constant of the GCPM is a pre-

liminary result, it has a large error bar (±15),7 which makes
the reliability of this value questionable. The BK3 model is
the best in the estimation of this property.

The primary tool to describe the structure of liquid wa-
ter is the three partial pair-correlation functions. These func-
tions can be obtained by neutron and (for the OO part)
x-ray scattering measurements, however, with limited accu-
racy. There are important features of these curves, like the
place and height of the first OO peak and the first minimum.
The partial pair-correlation functions are shown in Figure 4.
The first peak of the oxygen-oxygen pair-correlation function
is high for the TIP4P/2005 model, because the r−12 repulsion
creates a more structured liquid. This peak is lower but still
high for the BKd3, which has less steep r−10 repulsion. With
an exponential repulsion (BK3 and GCP models) the height
of the first peak is correct. The OO structure of the BK3 is
the closest to the experimental, the first minima of the gOO(r)
function of the GCPM in not deep enough. The difference in
the predicted OH and HH pair-structures of these models is
negligible. The first peak of the OH pair-correlation function,
which belongs to the hydrogen bonds, is narrower and higher
than the experimental ones, because of the fixed bondlength
of the models. Otherwise, agreement with the experiment is
good, particularly if we consider that the experimental error
bar of the measured OH and HH pair-correlation functions is
larger than that for the OO function.

B. Properties in terms of the temperature

The temperature dependence of the density of liquid wa-
ter is very important. Unfortunately, it is difficult to reproduce
with classical potentials.13 At 1 bar the function has a maxi-
mum at 277 K (temperature of maximum density, Tmd). The
density-temperature (ρ–T) diagram correlates strongly with
the melting and critical properties. As we showed previously,
if the water densities are too high at low temperatures, the
melting temperature will be low.14 If this curve decreases too
steeply at high temperatures, the critical temperature will be
underestimated.15 In Figure 5 the ρ–T diagrams are shown.
The curve for the GCPM matches the experimental one at
high temperatures, which is a consequence of fitting to crit-
ical properties. However, it is very high at low temperatures.
The other three models were fitted to the ρ–T curve, there-
fore, their Tmds are very close to 277 K. This fitting was most
successful for the TIP4P/2005 model. The BKd3 has excel-
lent results at high temperatures, but below 300 K it is sig-
nificantly worse than the TIP4P/2005 or the BK3. The BK3
result is only slightly worse than that of the TIP4P/2005. At
low temperatures it is a bit higher, at high temperatures it is a
bit lower than the experimental curve.

As mentioned previously the dielectric constant is a very
important property of molecular models of solvents. For the
BK3 water model it agrees well with the experimental values
not just at ambient conditions, but over a temperature range
from 0 ◦C to 100 ◦C, as shown in Figure 3(b).

The prediction of the self-diffusion coefficient is the best
for the BK3 model at 1 bar in the 270–370 K temperature
range (see Figure 6(a)) relative to the other models shown.
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FIG. 4. Oxygen–oxygen (top), oxygen–hydrogen (middle), and hydrogen–
hydrogen (bottom) pair-correlation functions at ambient conditions, 298 K
and 1 bar. The experimental data are from Ref. 91.

The TIP4P/2005 and GCP model underestimate the diffusion
coefficient at higher temperatures if the finite-size correction
is not applied. If it were included, it would correct their esti-
mates at high temperatures, but worsen the agreement at low
temperatures (see the discussion about the ambient diffusion
coefficient in Sec. IV A) Inclusion of the correction for the
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FIG. 5. The density of the liquid water at 1 bar as a function of temperature.

BKd3 model would overestimate the diffusion coefficient at
all temperatures.

In Figure 6(b) the temperature dependence of the viscos-
ity is shown for the BK3 model. The agreement is remarkable
if one takes into account that this is not a fitted property.
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FIG. 6. (a) Self-diffusion coefficients as function of temperature. Finite size
corrections are included only for BK3 model. (b) Shear viscosity of the BK3
model as a function of temperature. The error bars were estimated from using
different off-diagonal components for the calculation.

Downloaded 31 May 2013 to 157.181.190.34. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



204507-10 P. T. Kiss and A. Baranyai J. Chem. Phys. 138, 204507 (2013)

240 260 280 300 320 340 360 380

84

86

88

90

92

94

96

98

100

102

104

 expt + 10 J/K/mol
 BK3
 TIP4P/2005
 BKd3

C
P (

J/
K

/m
ol

)

T (K)

FIG. 7. The temperature dependence of the isobaric heat capacity at 1 bar.
The experimental line was shifted up by 10 J K−1 mol−1 for better compari-
son.

The temperature dependence of the fluctuation-related
properties is shown in Figures 7–9. We fitted polynomials to
the H(T) and ρ(T) functions, and the heat capacity and ther-
mal expansivity were calculated analytically from the deriva-
tive of the fitted polynomials. In the heat capacity diagram
the experimental curve was shifted up by 10 J/K/mol for bet-
ter comparison, because all of these models have higher heat
capacity than the experimental one. It is because there is no
inclusion of nuclear quantum effects.77 Similar to the density,
the heat capacity also shows an extremum as a function of
temperature, it has a shallow minimum at 309 K. The heat ca-
pacity of the models shown here is qualitatively good in that
respect that they also have a minimum, but it is at higher tem-
peratures, about 340 K, 355 K, and 365 K for the TIP4P/2005,
BKd3, and BK3 models, respectively. The shape of the curves
is also not correct, they decrease too slowly in the supercooled
region, therefore, their minima is not as shallow as that of
the experimental curve. Although the TIP4P/2005 seems a bit
better than the BK3 or BKd3, the deviations from the experi-
mental data are much larger than the differences between the
models.
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FIG. 8. Thermal expansion coefficient as a function of temperature at 1 bar.
The crossing of the curves with the T axis gives the Tmd.
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FIG. 9. The temperature dependence of the compressibility at 1 bar. The
marks are the simulated values which have relatively large statistical noise.
The lines are fitted fourth order polynomials.

The thermal expansivity function is the derivative of the
density-temperature function, therefore, the performance of
the models is similar to what we have experienced in the
ρ–T curves. The GCPM overestimates the thermal expansiv-
ity below 340 K and its Tmd is very low: 255 K. The other
models have correct Tmds. The thermal expansivity of the
BKd3 model is somewhat high at lower temperatures. The
results of the BK3 model are slightly worse than the results of
the TIP4P/2005 but both models are very close to the experi-
mental curve.

Similar to the heat capacity the isothermal compressibil-
ity also has a minimum, which is at 320 K. In Figure 9 prelim-
inary results are shown for the BK3 and BKd3 models. The
compressibility was calculated from the volume fluctuation
(Eq. (10)), therefore, longer simulations are needed to reduce
the statistical noise and get smooth curves, but the trends are
visible. The BKd3, TIP4P/2005, and BK3 models reproduce
the compressibility anomaly quite well, they all have min-
ima, and the estimated values differ from the experimental
less than 10%. The BKd3 has the largest difference in terms
of the position of the minimum (about 20 K), the BK3 and
TIP4P/2005 models are better. Overall, the BK3 model gives
the best compressibility-temperature function. The curve of
the BK3 compressibility is very similar to the experimen-
tal one, with the difference that it is shifted down by 10 K.
At low temperatures the compressibility of the TIP4P/2005
model decreases too slowly.

C. Vapor-liquid equilibrium and critical properties

Critical properties and the vapor phase received much
more attention than the solid phase discussed in the next chap-
ter. First, it is motivated by the industrial importance of su-
percritical technology. Second, the polarization of a water
molecule hydrating apolar solutes is similar to that in dilute
state at high temperature.

To calculate this property we had to leave the usual ho-
mogeneous bulk code and create a two-phase cell. So the
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vapor-liquid equilibrium has been determined by direct coex-
istence NVT-MD simulations in a rectangular box containing
1000 molecules. The size of the box was 28.0 Å × 28.0 Å
× 120.0 Å and the averages were collected over 2 ns on a
well equilibrated sample.

Alejandre et al. showed that using this geometry the num-
ber of reciprocal vectors has to be increased in the direc-
tion perpendicular to the interface.78 Our values were |kmax

x |
= ∣∣kmax

y

∣∣ = 5 and |kmax
z | = 25.

The equilibrium vapor and liquid densities were deter-
mined by fitting a hyperbolic tangent function to the density
distributions,

ρ (z) = 1

2
(ρl + ρv) − 1

2
(ρl − ρv) tanh

(
z − z0

δ

)
, (13)

where ρv and ρ l are the vapor and liquid densities and the δ

parameter is related to the width of the interface. The critical
temperature and density were estimated from the density data
above 400 K using the law of rectilinear diameters,79

ρl + ρv

2ρc

= 1 + D0 |τ | (14)

and the Wegner expansion80

ρl − ρv

ρc

= A0 |τ |β , (15)

where τ = 1 − T/Tc and β = 0.325.
The equilibrium vapor pressure in direct coexistence sim-

ulations is the normal component of the pressure tensor,
Pv = PZZ. To determine the critical pressure we fitted the va-
por pressure curve with Antoine’s law,

ln Pv = A + B

T + C
. (16)

The main advantage of the direct coexistence simulations is
the existence of the surface, therefore, surface properties, such
as the surface tension, can also be calculated,

γ = V

2A

〈
PZZ − 1

2
(PXX + PYY )

〉
, (17)

where V is the volume of the simulation cell, A is the area
of the surface, and PXX, PYY, and PZZ are the corresponding
elements of the pressure tensor. The 1/2 factor is because of
the two interfaces in the simulation box. The usual long range
correction of the dispersion forces was taken into account,81

γLRC = π

2
(ρl − ρv)2

∫ 1

0
ds

∫ ∞

Rc

dr coth
( rs

δ

)

× dUne

dr
r4(3s3 − s). (18)

In Figure 10 the equilibrium vapor and liquid densities
are shown, while in Table III the critical properties are sum-
marized. The BK3 model has a slightly lower critical temper-
ature than the other models or the experimental value, and,
therefore, the equilibrium vapor and liquid densities are also
somewhat lower. The strict correlation between the high tem-
perature part of the ρ–T diagram and the critical temperature
is observed again. The GCP model is the only one which was
explicitly fitted to the critical point, so its excellent result con-
cerning Tc is not surprising. But since the fitting range of this
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FIG. 10. Vapor-liquid coexistence curves. The crosses indicate the corre-
sponding critical points.

model is limited to this region, the model has deficiencies at
lower temperatures, such as the ambient water density, inter-
nal energy, and dielectric constant, as shown in Secs. V A and
V B. For the BKd3 and TIP4P/2005 models the parameter fit
was aimed at a wider range of thermodynamic states.6, 13 Their
estimates for the critical temperature are very good because
of the correct estimation of the high temperature part of the
ρ–T curve. The slightly worse performance of the BK3 model
can be explained by the compromises during the parameter
fit. The two parts of the ρ–T diagram were in competition. If
we fitted the high-temperature part of the diagram more ac-
curately, the low-temperature part would have worsened and
the freezing point would have been lower. Still, Tc = 629 K
is a reasonable value because most of the polarizable models
(SCPDP, DC, COS, and SWM4 family) have critical temper-
atures well below of 600 K (see Table I in Ref. 15).

In Figure 11 the equilibrium vapor pressure and also the
critical pressure is presented. Nonpolarizable models are un-
able to predict gas phase-related properties accurately, thus,
the TIP4P/2005 model has too low vapor and critical pres-
sures. The vapor pressure curves of BKd3 and GCPM are
very similar and close to the experimental one. The critical
pressure of the BK3 is good, but its vapor pressures are a bit
high. This overestimation is the consequence of the lower crit-
ical temperature, which can be demonstrated by presenting
the vapor pressures as a function of the reduced temperature,
T/Tc (see Figure 11(b)). Here, the results of all three polar-
izable models match the experiment, which means that their

TABLE III. Critical temperature, (Tc), pressure, (Pc), and density, (ρc),
for different models. The results for the BK3 model were calculated in this
work, the results of TIP4P/2005, GCPM, and BKd3 models were taken from
Refs. 17, 7, and 13, respectively. Experimental data were taken from Ref. 2.

Expt. BK3 TIP4P/2005 GCPM BKd3

Tc (K) 647 629(5) 640 642 634
Pc (bar) 220 233(8) 146 246 214
ρc (g/cm3) 0.322 0.333(11) 0.310 0.334 0.320
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FIG. 11. (a) Equilibrium vapor pressures as a function of temperature. The
crosses indicate the critical points. (b) Same as in (a) but using the corre-
sponding reduced temperature (T/Tc) as independent variable.

vapor pressures are consistent with the critical temperature.
However, this is not true for TIP4P/2005.

The surface tension for ambient water by GCPM is
68.85 mN/m82 which is close to the experimental 72 mN/m.
The surface tension for other models discussed here is given
in a wide temperature range (see Figure 12). It should be
noted that the usual long range correction for the dispersion
forces is not taken into account for BKd3 because the vary-
ing molecular size of this model would make the calculation
very cumbersome. For the other two models the tail correc-
tion given by Eq. (18) was included. Below 400 K the results
of the BK3 and TIP4P/200583 models are very similar and
only slightly lower than the experimental value. The ambi-
ent values are 68.2 and 69.2 mN/m for BK3 and TIP4P/2005,
respectively. The surface tension goes to zero at the critical
point, therefore, it is expected that the model which has a crit-
ical temperature closer to the experimental one, has better re-
sults for the surface tension. Because of this the surface ten-
sion for TIP4P/2005 is better than that for BK3 at higher tem-
peratures. In this respect, compared to other charge-on-spring
type polarizable models, the BK3 can be called the best. (See
surface tension data for COS and SWM4 models in Ref. 15.)

The vaporization enthalpies as a function of temperature
are shown in Figure 13. The experimental curve starts from
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FIG. 12. Surface tension as a function of temperature. With the exception of
the BKd3 model the tail correction of the dispersion forced is included.

44.0 kJ/mol at 298 K and goes to zero at the critical point The
models have lower internal energy at ambient conditions (as
discussed in Sec. IV A), therefore, their vaporization enthalpy
is higher at 298 K, the highest is for TIP4P/2005 and the low-
est is for BK3. As we showed previously the vaporization en-
thalpy curves of the water models are steeper than the exper-
imental ones, for models with point charges they are steeper
than for models with Gaussian charge distributions.15 This is
also an advantage of using Gaussian charges. Consequently,
at lower temperatures (below 500 K) the BK3 model gives
the best estimations for the vaporization enthalpy, but since it
has a somewhat lower critical point than the other models at
high temperatures GCPM and TIP4P/2005 are better.

D. Gas phase clusters

A few years ago we studied gas clusters of water up to
6 molecules.34 We identified not only the lowest energy con-
formations but all arrangements with reasonably low energy.
This study pointed out that only water models with TIP4P-
type charge distribution give qualitatively correct geometries.
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FIG. 13. Vaporization enthalpies as a function of temperature. The marks
indicate simulated points and the lines are help for the eye.
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TABLE IV. Energies (E) and average oxygen–oxygen distances (dOO) of small water clusters for different mod-
els. The energies are in kJ/mol and the distances are in Å. In the case of the dimer the characteristic angle, θ (the
angle between the OO line and the symmetry axis of the acceptor molecule), and the total dipole moment, (μtot),
are also shown. QC refers to the highest level quantum chemical calculations (Refs. 36 and 84). Experimental
data were taken from Refs. 35 and 85.

Expt. QC BK3 TIP4P/2005 GCPM BKd3

Dimer E −22.6 ± 2.9 − 20.92 − 20.63 − 28.71 − 20.77 − 22.41
dOO 2.94 2.91 2.874 2.770 2.877 2.815
θ 57 58 53.6 49.0 55.3 56.6

μtot 2.60 2.6 2.648 2.885 2.617 2.031
Trimer E − 66.10 − 64.23 − 76.99 − 60.67 − 66.23

dOO 2.96 2.80 2.805 2.784 2.838 2.782
Tetramer E − 115.6 − 109.0 − 128.3 − 106.4 − 112.6

dOO 2.761 2.745 2.773 2.743
Pentamer E − 151.8 − 143.3 − 167.3 − 142.9 − 148.6

dOO 2.748 2.743 2.749 2.731
Prism E − 192.0 − 192.4 − 216.5 − 181.8 − 194.7

dOO 2.816 2.813 2.858 2.804
Cage E − 191.6 − 190.5 − 218.0 − 181.9 − 193.5

dOO 2.797 2.779 2.828 2.784
Book E − 190.8 − 183.0 − 212.4 − 180.5 − 188.9

dOO 2.776 2.757 2.785 2.758
Cyclic E − 187.4 − 175.8 − 204.2 − 177.3 − 183.2

dOO 2.743 2.743 2.737 2.725

If polarization is introduced, then it has to be isotropic, be-
cause polarization restricted to the molecular plane (fluctu-
ating charge models) causes erroneous geometries as well.34

The TIP4P, GCPM, BKd3, and BK3 models fulfilled these
criteria, the geometries of their clusters are qualitatively cor-
rect. The quantitative results, energies, and oxygen-oxygen
distances are summarized in Table IV compared to the highest
level quantum chemical calculations36, 84 and, when available,
to experimental data.35, 85

As a result of fitting compromises we could not choose
the parameter set to match the properties of the dimer. We
had to lower the characteristic angle from ∼57◦ to 54◦ and
our energy is also slightly higher than the quantum chem-
ical result. The most difficult part is to obtain the exper-
imental 2.94 Å OO distance for dimer even for quantum
chemical studies. Our result is considerably smaller but it is
important to note that it is 0.1 Å longer than the first peak on
the OO pair-correlation function in liquid water. In the case
of the TIP4P/2005, similar to other nonpolarizable models,
these two values are practically identical (∼2.77 Å), which is
mainly the result of the r−12 repulsion. Due to the less steep
r−10 repulsion the dimer energy and OO distance of the BKd3
model are better, but still far from the best quantum chemi-
cal values.84 The results of the BK3 and GCP models again
clearly show the advantages of the exponential repulsion.

With the exception of the OO distance in the trimer,34

there are no experimental data for water clusters formed by
several molecules, therefore, quantum chemical calculations
were used as references. The minimum energy conformation
of the clusters (H2O)n n = 3–5 is the cyclic form. The hex-
amer is the first cluster where a spatial rearrangement (prism)
is the global minimum. Three other low energy configurations
(cage, book, cyclic) are also often studied, and the energy se-
quence of these configurations is an important trait of classical

water potentials.34 The polarization is essential to get reason-
able energies for clusters, the nonpolarizable models, includ-
ing TIP4P/2005, severely underestimate the energies. In total,
the BK3 gives the best results for small water clusters. Al-
though the dimer properties of GCPM are slightly better, the
BK3 energies for larger clusters, especially for hexamers, are
closer to the QC values.

E. Second virial coefficient

The temperature dependence of the second virial coeffi-
cient is an informative property about the intermolecular po-
tential energy surface, since it depends not only on a particu-
lar point (like the dimer energy) but on the whole surface. The
second virial coefficient can be calculated from the interaction
energy of two molecular configurations,

B (T ) = − NA

16π2

∫ ∞

0
r2dr

∫ π

0
sin θdθ

∫ 2π

0
dϕ

∫ 2π

0
dω1

×
∫ π

0
sin ω2dω2

∫ π

0
dω3

×
{

1 − exp

[
−U (r, θ, ϕ, ω)

kBT

]}
, (19)

where NA is the Avogadro’s number, kB is the Boltzmann con-
stant, T is the temperature, and the (r, θ , ϕ) polar coordinates
and (ω1, ω2, ω3) Euler angles describe the relative orientation
of two molecules. While this equation is straightforward, a
separate program is needed to carry out the integration. In our
program the radial integration was divided into three intervals.
For distances below 2.0 Å the hard sphere approximation was
used, and over 10.0 Å, when the polarization effect is negli-
gible, the interaction between the two molecules is approxi-
mated by dipole-dipole interaction. The analytical solution is
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FIG. 14. Temperature dependence of the second virial coefficient. In the in-
set the high temperature region is enlarged. The meaning of the colors is the
same as in other figures: green-GCPM; blue-TIP4P/2005; red- BK3; pink-
BKd3.

known for these cases.86 Between 2.0 Å and 10.0 Å the in-
tegral was calculated by Monte Carlo sampling87 with ∼108

randomly chosen configurations.
The results are presented in Figure 14. The nonpolariz-

able models are not able to describe the gas and condensed
phase properties simultaneously. Because of the higher dipole
moment, the interaction energies of two molecular config-
urations are too low for the TIP4P/2005 model. Therefore,
the virial coefficient is underestimated by a factor of ∼5-6.
The polarizable models are better. BKd3 somewhat underes-
timates the virial, as expected from the lower dimer energy,
but GCPM and BK3 give correct results. First, one may think
that the GCPM is significantly better than BK3, but the in-
set in Figure 14 shows that GCPM is more accurate at low
temperatures and BK3 is more accurate at high temperatures.
Here, it is also important to note that none of our models were
fitted explicitly to the second virial coefficient.

F. Melting properties

Most of water models are not tested in the solid phase. In
addition to studying ice for its own interest, this can be im-
portant for other reasons as well. The structure of hexagonal
ice is stable below 273 K at 1 bar which is not very far from
the conditions of water used as a solvent. This means that, at
least temporally, ice-like clusters may form during solvation.
The melting point of water is one of the most difficult proper-
ties to reproduce. The calculation is quite expensive. Detailed
discussion of methods is given in our previous paper,14 and
there is a detailed review by Vega and co-workers.88

To calculate the melting temperature of the BK3 model
we applied the same method what we used previously for the
COS, SWM4, and BKd models.14 The essence of this method
is to find the temperature where the Gibbs free energy differ-
ence between the liquid and solid phases is zero. The Gibbs
free energy can be calculated with thermodynamic integra-
tion (TI). To do this we need a reference point. In this work
we used the TIP4P/2005 model as a reference. Its melting

point at 1 bar is 250 K, which was confirmed by using dif-
ferent methods.6, 89, 90 The Gibbs free energy of the coexisting
phases for the TIP4P/2005 at the melting point is equal. This
was the zero point of our free energy scale. In the first step the
free energies of the liquid and solid phase of the BK3 model
were calculated relative to this zero point by thermodynamic
integration.

Let us define a λ ∈ [0, 1] parameter, which couples con-
tinuously the reference TIP4P/2005 system (marked A) to the
examined BK3 system (marked B),

U (λ) = UA + λ (UB − UA) . (20)

The difference between the Gibbs free energies of systems B
and A at temperature T0 is

GB (T0) − GA (T0) =
∫ 1

0

〈
∂U (λ)

∂λ

〉
N,P,T0,λ

dλ

=
∫ 1

0
〈UB − UA〉N,P,T0,λ

dλ, (21)

where 〈. . . 〉 denotes an ensemble average and T0 is the melting
point of the reference system. The integral was calculated by
Gauss-Legendre quadrature with 8 quadrature points. Calcu-
lating this value for the solid and for the liquid phase, we got
the free energy difference between them for system B at T0.
The second step is to calculate the temperature dependence
of the free energy difference with the integrated form of the
Gibbs-Helmholtz equation,

�GB (T )

T
= �GB (T0)

T0
−

∫ T

T 0

�HB

(
T ′)

T ′2 dT ′. (22)

To obtain numbers for the above equation, the HB(T) func-
tions for water and ice should be determined by a series of
NPT simulations in a corresponding temperature range. At the
melting point �GB becomes zero. Note that in this method
only relative free energies are used, the zero point of the free
energy scale is the free energy of the reference system at its
melting point. The advantage of this method is that it is fea-
sible even if the absolute free energy of the reference sys-
tem is not known. It often occurs, for example, if the melt-
ing point was determined by direct coexistence simulations
or Gibbs-Duhem integration. To check the consistence of our
calculations we repeated this procedure using the TIP4P/Ice
(Tm = 270 K) model as reference. The obtained melting tem-
peratures were within 0.5 K.

Melting temperatures and other melting properties are
summarized in Table V. For GCP model data are not avail-
able in the literature, but because of the correlation between
the low temperature part of the ρ–T function and the melt-
ing temperature,14 we assume that its melting point is low.
The melting properties of the BK3 and TIP4P/2005 models
are very similar and significantly better than that of the BKd3
model. The melting temperature is 250 K, underestimating the
experimental value by 20–25 K. At first glance this deviation
may seem high, but considering the results of other models
this 250 K value is the best estimate. The models which have
higher melting temperature have unacceptably large errors in
other properties, e.g., the melting point of the TIP5P model
is 273 K, but the density of ice Ih is 0.97-0.98 g/cm3 and
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TABLE V. Melting properties of ice Ih at 1 bar for different models. Tm

is the melting temperature, ρl and ρs are the densities of the equilibrium
liquid and solid phases, Hl and Hs are the corresponding enthalpies, �H is
the melting enthalpy, �S it the melting entropy, and dp/dT is the slope of
the ice Ih-water equilibrium line at 1 bar. The results of the BK3 model were
calculated in this work, data for the TIP4P/2005 and BKd3 models were taken
from Refs. 6 and 14. Experimental data were taken from Ref. 2.

Expt. BK3 TIP4P/2005 BKd3

Tm (K) 273.15 250(3) 250 233
ρl (g/cm3) 0.999 0.995 0.993 0.983
ρs (g/cm3) 0.917 0.924 0.921 0.921
Hl (kJ/mol) − 40.52 − 44.75 − 42.45
Hs (kJ/mol) − 45.24 − 49.58 − 46.20
�H (kJ/mol) 6.01 4.72(4) 4.83 3.74
�S (J/Kmol) 22.0 18.9 19.3 16.1
dp/dT (bar/K) − 137 − 136 − 135 − 130

the critical temperature is 521 K.17 From polarizable models
the POL4D has higher melting temperature (260 K) than the
BK3, but to achieve this it had to sacrifice the match of lot of
other properties, e.g., its dimer energy is low (−23.52 kJ/mol),
the densities at high temperatures are too low, and the dielec-
tric constant is higher.72

The melting enthalpy of the BK3 model, 4.72 kJ/mol, is
lower than the experimental 6.01 kJ/mol. This is the conse-
quence of the low melting point. The BK3 model was fitted
to the internal energy of hexagonal ice at 273 K, therefore,
the enthalpy difference between the water and ice Ih phases
is correct at this temperature, but gets smaller at temperatures
below 273 K. The equilibrium ice Ih and water densities and
the slope of the equilibrium line at 1 bar are predicted very
well both with the BK3 and TIP4P/2005 models.

G. Ice phases

There are 15 structurally identified polymorphs of ice.23

The abundance of ice phases is the result of two things. First,
the structure of hexagonal ice is perfect to form a complete
network of hydrogen bonds, which is necessary to produce
the cohesive energy. However, this structure is not very dense,
so when the pressure increases the water molecules arrange
themselves with more and more dense structures trying to
maintain the tetrahedral structure. Second, almost every form
besides the proton disordered form has its proton ordered ver-
sion where the hydrogen bonds of identical crystallographic
sites point in the same direction.

TABLE VI. Densities of different ice polymorphs are shown in g/cm3. The
experimental data were taken from Ref. 23. The results of the models are
calculated by us. The error bar of the calculated densities is ±0.002 g/cm3.

Ice P (GPa) T (K) Expt. BK3 TIP4P/2005 BKd3

Ih 0 273 0.917 0.920 0.915 0.915
III 0.28 250 1.165 1.160 1.160 1.161
VI 1.18 225 1.373 1.385 1.380 1.381
VII 5 300 1.740 1.662 1.641 1.672
VII 20 300 2.143 2.051 1.957 2.032
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FIG. 15. The density of the ice VII polymorph as a function of pressure at
300 K. The experimental data were taken from Ref. 23. The curves of the
models were calculated by us.

A stringent test of the water potentials is how they de-
scribe the high-pressure ice phases. Unfortunately, we do
not have much calorimetric data, but the structure and den-
sity within the range of their stability is known. Therefore,
the quality of the model is defined by how accurately the
model estimates the density of the given crystals. Note that
these properties were not targeted in the fitting procedure
of the BK3 model contrary to the TIP4P/2005 which was
constructed by exploiting the experience of phase diagram
calculations.6 The results are summarized in Table VI, and
the density of the ice VII crystals as function of pressure is
shown in Figure 15.

The density of hexagonal ice was a property we had sac-
rifice for the sake of a better estimation of the self-diffusion
coefficient. However, our estimate is still close to the ex-
perimental value. The density of the moderately dense ice
phases (III and VI) is predicted well by the BK3, TIP4P/2005,
and BKd3 models. (The dipole moments of ices Ih, III, VI
at the states shown in Table VI are 2.771 D, 2.800 D, and
2.757 D, respectively.) The reasonable good results indicate
the abilities of our model, other polarizable models like COS
and SWM4 potentials perform poorly in this respect. (See
Table IV in Ref. 14.)

Certainly, one cannot expect a perfect estimate of densi-
ties in the very high density phase ice VII. This is the crys-
talline form where, in addition to the 4 hydrogen bonded
neighbors, there are 4 contact molecules. As expected, the
deformation of the electron cloud of a molecule is more sig-
nificant, difficult to describe by a simple classical force field.
(The dipole moments of ices VII at 10, 20, and 30 GPa are
2.769 D, 2.865 D, and 2.927 D, respectively.) Still, our results
are better than the ones of the TIP4P/2005 model.

VI. CONCLUSIONS

We presented a polarizable model of water capable to
give reasonable estimates for many observables all over the
entire phase diagram from high pressure crystalline solids
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to water clusters. The new model is a result of a system-
atic search. We studied several of the existing models in
the gas phase, liquid phase, and solid phase. As a result,
we opted for the best possible combination of model com-
ponents. The Ewald summation is substantially simpler for
charge-on-spring models than for the ones with a polariz-
able point dipole. Furthermore, Gaussian charge distributions
are not just more realistic than point charges, but they also
show larger numerical stability against polarization catastro-
phe. This makes it possible to combine such distributions with
the charge-on-spring method and use only three charges in
the model. The exponential repulsion is also more realistic
than the r−12 repulsion term of the Lennard-Jones potential
and provides better results mainly for gas phase clusters and
liquid structure.

Finally, and most importantly, all three charges should
take part in the deformation of the charge distribution within
the molecule subjected to the polarizing force of the surround-
ing. It seems that in the absence of a three-dimensional defor-
mation of the charge distribution, polarizable models cannot
reproduce the entire temperature-density diagram of water ac-
curately which limits the ability of models to give good pre-
dictions to only on one side of this curve. (This is for most
polarizable models, the high temperature part is used to ob-
tain a good critical behavior.) These features of the model
ensure that with a moderate increase of computational cost
(a factor of 4-5 relative to a nonpolarizable model with three
point charges) we can estimate the properties of water with a
reasonable accuracy.

We tried to find the best possible parametrization of this
new model. Obviously, using such a simple description for
the water molecule we had to make compromises how accu-
rately certain property should be reproduced. We focused on
the ambient liquid properties but at the same time we wanted
good results at the two ends of the phase diagram. Our param-
eterization is not unique but our systematic search indicated
that there is no other combination of parameters which could
give substantially better overall results for water than the one
presented in this paper.

Thus, the new BK3 model gives acceptable estimates
over a wide range of thermodynamic states. To the best of
our knowledge there is no model, working accurately in such
a wide temperature and pressure range, and has overall bet-
ter performance than BK3 at the same computational cost.
Our results refer to calculations using Ewald summation. We
found this method more reliable than the reaction field. Nev-
ertheless, since the reaction field supposedly provides identi-
cal results for the studied properties, this method can also be
used in liquid phase, which together with tabulated energies
and forces should make it possible to decrease the computa-
tional cost.

The simulation code is available from the authors upon
request.
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