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Recently, we proposed a new model for water [P. T. Kiss and A. Baranyai, J. Chem. Phys. 138,
204507 (2013)]. We presented a detailed description of the development of this classical, polarizable
model, and a large number of calculated properties. The model provided excellent estimates for am-
bient liquid properties and reasonably good results from high-pressure solids to gas-phase clusters.
In this paper we present results of extensive calculations for temperature-dependent water anomalies
in terms of the pressure. The calculated isobars of the temperature-density and the self-diffusion dia-
grams provide excellent estimates of the experimental values. The estimated compressibility isobars
perfectly match the experimental ones if we shift our numbers by ∼10 K upwards. The calculated
pressure-dependent viscosity values are excellent at higher temperatures and qualitatively correct at
lower temperatures. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4871390]

I. INTRODUCTION

While first principle calculations can reveal important
microscopic details not accessible to classical models,1 they
are unable to perform extensive calculations to predict nu-
merous macroscopic properties to verify the approximations
in the method. If one uses a water model as a solvent of
macromolecules it is inevitable to take into account the cost
of computations. Therefore semi-empirical models still serve
well, because they are more economic. The most popular
classical water models of the 1980s are rigid, nonpolariz-
able entities.2, 3 One way of improvement is to introduce po-
larizability because the dipole moment of water changes a
lot when moving from gas phase to condensed phase. Many
author followed this path.4–6 We studied some of them in
detail.7–9 Polarizable models have difficulties of reproduc-
ing the T − ρ curve with the exception of the iAMOEBA
model10 which provides good quality estimates for other
properties of water too. However, the iAMOEBA model ne-
glects the mutual polarization and use only direct polarization
induced by permanent charges which creates a very peculiar
model.

Another approach is to move away from the effective po-
tential approach. Effective potentials provide the internal en-
ergy as the sum of interacting pairs, such a way implicitly
including many body effects. There were approaches to use
triplet interactions as well, the most notable of them is the
model of Tainter et al.11 Their model, termed as E3B, pre-
dicts several properties quite well, including the most elu-
sive property of water, the temperature-density diagram. The
need to handle three body terms provides more direct in-
sight into the microscopic details of water. However, we
found one weakness of their present parametrization. E3B
neglects polarization which results in a dielectric constant
of 56.11

In our previous paper12 we proposed a new model for
the water molecule. This model, termed as BK3, is a syn-
thesis of several separate inventions introduced in the liter-
ature by other authors.4–6, 13, 14 We use Gaussian distributions

to describe the potential field of partial charges. The centers
of the positive charges are placed on the hydrogen atoms,
while the negative charge is positioned on the main axis of the
molecule between the hydrogens and the oxygen. The magni-
tude of the negative charge, and its distance from the oxygen
is determined from the requirement that the dipole moment
of the molecule matches the experimental gas-phase value,
1.855 D,15 while the eigenvalues of the quadrupole moment
tensor, Qxx = 2.660 DÅ, Qyy = −2.335 DÅ, Qzz = −0.325
DÅ, were obtained from a least square fit to the experi-
mental values: Qxx = 2.626 DÅ, Qyy = −2.493 DÅ, Qzz

= −0.134 DÅ.16

Our invention, in addition to reducing the number of elec-
tric sites to three, is that all charges take part in the polar-
ization of the molecule. This capability was essential, espe-
cially to predict density related properties correctly. We use
the conventional spherically averaged polarizability divided
up proportionally among the charges. The massless charges
are connected to their gas-phase position by classical har-
monic springs.12 The force constant of the spring is ks = q2/α,
where q and α are the magnitude and the polarizability of
the charge. The massless charges iterate into their mechani-
cal equilibrium at each timestep. For the non-electrostatic in-
teractions we use the following oxygen-centered term: U(r)
= Aexp (−Br) − Cr−6. The parameters of the model are
given in Table I. Note that we changed the conventional O-H
bondlength from 0.9572 Å to 0.9750 Å not just because this
value in condensed phases is more realistic17 but according
to high-precision quantum chemical calculations18 the aver-
aged gas-phase bondlength is also close to this value. In our
previous paper we calculated several properties of water us-
ing BK3.12 A smaller part of the properties served to fit the 5
arbitrary parameters: A, B, and C for the nonelectrostatic in-
teraction, and the half-widths, σ H, σ S, for the two Gaussians.
Other properties presented in that paper served as tests of the
model’s performance.12

The structure of liquid water is viewed as a disordered,
tetrahedrally coordinated molecular system. However, behind
this general statement, there is a not necessarily continuously

0021-9606/2014/140(15)/154505/5/$30.00 © 2014 AIP Publishing LLC140, 154505-1
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TABLE I. Parameters of the BK3 model (see text for details).

Geometry Electrostatics Polarization Nonelectrostatic

dOH = 0.975 Å qH = 0.584 esu α = 1.44 Å3 A = 322000 kJ mol−1

θHOH = 104.52◦ qS = –1.168 esu αH = 0.25 α = 0.36 Å3 B = 3.56 Å−1

dOM = 0.2661 Å σH = 0.40 Å−1 αS = 0.5 α = 0.72 Å3 C = 3320 kJ Å6 mol−1

σ S = 0.71Å−1

changing inherent structure which is manifested in the anoma-
lies of macroscopic measurements. In order to access exper-
imentally inaccessible states or reveal the three-dimensional
structure of liquid water, the used model should be able to
mimic real liquid as closely as possible.

In this paper we present pressure-related anomalous
properties obtained by the BK3 model. In the case of water
the role of pressure is interesting. For an ordinary fluid the
pressure simply compresses the system. In the case of water,
however, first the pressure destroys the hydrogen-bonded sys-
tem such a way loosens the structure, which is manifested in
non-monotonic behavior of many properties. The following
calculations were quite time-consuming because numerous,
even individually long simulations were necessary to estimate
experimental curves with acceptable accuracy. We chose four
properties to study.

The density maximum at 4 ◦C is one of the most familiar
anomalies of water. If one increases the pressure, the tem-
perature of maximum density (TMD) moves to lower tem-
peratures with higher overall density. At high pressures the
structure of water has already collapsed, therefore the density
maximum is less pronounced.

The self-diffusion coefficient of water in terms of tem-
perature increases because it becomes easier to jump potential
barriers of the moving molecules. If one increases the pressure
in an ordinary fluid the barriers become higher and sharper,
therefore the self-diffusion of the molecules will decrease.
This happens in the case of water at high temperatures. At
low temperatures, however, the structure destroying effect be-
comes the dominant factor, so the self-diffusion will increase
with increasing pressure.

The compressibility of water in terms of temperature can
also be studied at different pressures. At ambient pressure
the compressibility shows a pronounced minimum at 46.5 ◦C
which can also be considered anomalous because for a normal
liquid the compressibility should decrease as the temperature
decreases.

The isoterms of the pressure-dependent viscosity of wa-
ter can also be a good test of a molecular model of water.
At high temperatures the viscosity increases monotonically
with pressure as for ordinary fluids. However, at low temper-
atures the function shows a deep minimum at several hun-
dred bars. This minimum is also a manifestation that the pre-
vailing impact of pressure is to break the hydrogen-bonded
structure of water which is quite pronounced at low tempera-
tures. If one increases pressure further the compressing effect
of pressure will be the dominant factor, similarly to the case in
warmer water where the hydrogen-bond structure has already
collapsed.

II. RESULTS AND DISCUSSION

A. The temperature-density isobars

Perhaps, the most stringent test of a model is the correct
prediction of the temperature-density diagram of water. We
dealt with this problem in a previous paper focusing primar-
ily on polarizable models.7, 19 Results for T − ρ function of
the BK3 model were given in Ref. 12. These studies, how-
ever, were carried out only at 1 bar. The paper of Pi et al.20

studied the temperature-density diagram for pressures of 1,
400, 1000, and 1500 bars for the TIP4P/2005 model.21 This
nonpolarizable model21 reproduces accurately many proper-
ties of water in condensed phases. We carried out analogous
calculations using the BK3 model at 1, 400, 700, 1000, 1200,
and 1500 bars.

The molecular dynamics simulations were done with our
home made program. The number of the molecules was 432.
The temperature and pressure was controlled by Nose-Hoover
thermostat22 and Andersen barostat.23 The equations of mo-
tions were integrated by the explicit, reversible integrator of
Martina et al. with the time-step of 2 fs.24 The rotation degrees
of freedoms were handled by quaternions with the recent al-
gorithm of Rozmanov and Kusalik.25 The Coulomb interac-
tions were calculated by Ewald sum.26, 27 The real-space cut-
off was 11 Å, and the standard non-electrostatic long-range
corrections for the energy and pressure were also used. The
positions of the charge-on-spring particles were determined
with self-consistent iteration in 3 steps using second order
predictor.8 Lengths of the runs varied between 3 and 100 ns
depending on the temperature. The results are presented in
Figures 1 and 2, and in Table II.
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FIG. 1. Temperature-density isobars of water as obtained from the BK3
model. The squares are the results of the model, the solid lines are the exper-
imental data.28 A similar diagram can be seen in Ref. 32 for the TIP4P/2005
model.
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FIG. 2. Temperature-density curve of water at 1 bar compared to experiment
and the results of Ref. 20 for the TIP4P/2005 model.

In Figure 1 the isobars of the temperature-density curve
can be seen for 1500, 1200, 1000, 700, 400, and 1 bar pres-
sures. The match of the data to the experimental results28 is
very good especially at higher temperatures. The TMD shift
is about 1 K/50 bars in agreement with the IAPWS equation
of state and with older experimental results.29

In Figure 2 we present the T − ρ diagram for 1 bar sep-
arately. We compare our results not only to the experimental
curve but also to the results of the TIP4P/2005 model.20 For
lower temperatures the calculation of densities is very time-
consuming by our polarizable model, so we terminated this
calculation at 200 K. However, it is reasonable to expect that
the BK3 curve will be very similar to the TIP4P/2005 one for
lower temperatures with a density minimum at ∼200 K.20

B. The temperature-self-diffusion isobars

As a by-product of our T − ρ diagram calculations we de-
termined the self-diffusion coefficient for two isobars in terms
of the temperature. We used the usual formula26

D = lim
t→∞

1

6t

〈
1

N

N∑
i=1

[ri(t) − ri(0)]2

〉
. (1)

Corrections due to the finite size effect and periodic
boundary conditions are also considered.30 In Figure 3 we

TABLE II. Temperature of maximum density at different pressures obtained
from the IAPWS equation of state and from molecular dynamics simulations
using the BK3 and TIP4P/2005 water models.

TMD (K) expt TMD (K) TMD (K)
P (bar) (IAPWS28) BK3 model 20005 model20

1 277 275 277
400 268 267.5 270
700 261 262
1000 254 254 256
1200 250 249
1500 247 244 244

220 240 260 280 300 320 340 360 380

0.1

1

10

 

 

D
 (
10

-9
 m

2 /s
)

T (K)

 1 bar
 1500 bar

FIG. 3. Self-diffusion coefficients in terms of the temperatures at 1 and
1500 bars pressures. Solid lines represent the experimental results taken from
Ref. 31.

show results for the BK3 model. A similar figure can be found
for the TIP4P/2005 model in Ref. 20 but for much shorter
temperature range. The agreement with experimental results31

is excellent. Both data show the crossover of the effect of
pressure roughly at room temperature. Below this value the
structure breaking effect of the pressure is the dominant fac-
tor, the diffusion will be faster at higher pressures. Above this
temperature the structure is more or less collapsed, therefore
the behavior is ordinary: the diffusion slows down at high
pressures.

C. The temperature-compressibility isobars

Isotherm compressibility, κT, is calculated from the vol-
ume fluctuation of the system.

κT = 〈V 2〉 − 〈V 〉2

〈V 〉kBT
. (2)

The isobars of the temperature-compressibility diagram
show a pronounced minimum. In Figure 4(a) we present the
isobars for the same pressures as previously for the T − ρ

isobars. The match of the calculated points with the experi-
mental results28 is quite rough (but still better than that for
the TIP4P/2005, see Ref. 12). However, if we shift all the cal-
culated points ∼10 K up, BK3 points will fit to the experi-
mental curves reasonably well (see Fiugre 4(b)). If we take
into account that our freezing temperature is lower than the
experimental one this behavior seems plausible.12

We presented the points for atmospheric pressure sepa-
rately down to 200 K in Figure 5. The curve shows a well-
defined maximum. The curves referring to higher pressures
also have maxima,32 but our simulations did not reach these
temperature regions. While compressibility maxima have im-
plications for the possible existence of the second critical
point,32 our study intended merely to show the reasonably
good performance of the BK3 model.
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FIG. 4. Temperature-isotherm compressibility isobars are shown. Solid lines
are the experimental results.28 The diagram (a) shows the actual results and
(b) our results are shifted up by 10 K.
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FIG. 5. The isotherm compressibility at 1 bar compared to the results of
Ref. 32 for the TIP4P/2005 model. The solid lines are just help for the eye.

TABLE III. Pressure dependence of the viscosity for the BK3 water model.
The estimated errors in the last digits are in parentheses.

P (bar) η (mPa s) 273 K η (mPa s) 298 K η (mPa s) 373 K

1 1.950(13) 0.931(9) 0.291(3)
400 1.844(29) 0.912(21) 0.299(6)
700 1.805(20) 0.919(13) 0.305(5)
1000 1.777(40) 0.910(11) 0.305(6)
1200 1.737(34) 0.914(31) 0.311(4)
1500 1.715(39) 0.915(15) 0.319(7)
2000 1.706(31) 0.926(23) 0.330(8)
3000 1.728(50) 0.951(31) 0.355(4)
4000 1.802(48) 0.995(18) 0.380(4)

D. The pressure-viscosity isoterms

The viscosity was calculated by equilibrium NVT-MD
simulations using the Green-Kubo formula

η = V

kT

∞∫
0

〈Pαβ(t0)Pαβ(t0 + t)〉t0dt, (3)

written for the off-diagonal elements of the pressure tensor.
The density was fixed to the value which was known from

previous constant pressure calculations by a long NPT run.
As a result of the slow decay of Green-Kubo time-correlation
functions, very long runs and careful integration of the curves
were necessary. Each simulation lasted for 100 ns. To improve
statistics we exploited the five possible ways of obtaining
the correlation functions: due to the rotational invariance of
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FIG. 6. Viscosity values in terms of the pressure at 273 K (blue), at 298 K
(green), and at 373 K (red). Thick solid lines mark the experimental results.34

The filled diamonds show our results for the BK3 model, the open ones were
obtained for the TIP4P/2005 model.33
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the system the Pαβ in Eq. (3) could be Pxy, Pxz, Pyz, (Pxx

− Pyy)/2 or (Pyy − Pzz)/2. So, from each run we got five values
for viscosity, and the error was approximated from these five
terms.

We computed the viscosity for 3 isotherms, at 273 K,
298 K, and 373 K. The results are shown in Table III and
in Figure 6, where the results of the TIP4P/2005 model33 are
also marked. At 373 K both model predicts the experimen-
tal viscosity34 very accurately, the average error at this tem-
perature is less than 2%. As you can see, as the temperature
decreases the error increases. While at room temperature the
prediction of the BK3 model is more or less quantitative, at
0 ◦C it is only qualitative. But the existence of the minimum
shows that the model demonstrates the pressure induced col-
lapse of the hydrogen-bonded structure, even if its position is
inaccurate. It seems that the structure breaking effect of pres-
sure steps into action at lower pressures for real water than
for BK3 water. Comparing the TIP4P/2005 and BK3 mod-
els it is evident, that the BK3 is superior especially at lower
temperatures.

III. CONCLUSIONS

In addition to previous results,12 these calculations
demonstrated that the performance of BK3 is quite persuasive
among the existing water models. Its performance is, at least,
not worse than that of the extensively studied TIP4P/2005
model, which due to its fitting procedure, provides reasonably
good estimates of water properties. If one takes into account
that the BK3 model is polarizable and provides good and con-
sistent results for gas-phase properties as the second virial co-
efficient or water clusters, it is a good candidate for extensive
calculations at any part of the phase diagram of water. The
extra cost coming from the three iterations at each time step
deserves the application of this transferable model.
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