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In our study, we extend the committor concept on multi-minima systems, where more than one
reaction may proceed, but the feasible data evaluation needs the projection onto partial reactions. The
elementary reaction committor and the corresponding probability density of the reactive trajectories
are defined and calculated on a three-hole two-dimensional model system explored by single-particle
Langevin dynamics. We propose a method to visualize more elementary reaction committor functions
or probability densities of reactive trajectories on a single plot that helps to identify the most important
reaction channels and the nonreactive domains simultaneously. We suggest a weighting for the energy-
committor plots that correctly shows the limits of both the minimal energy path and the average
energy concepts. The methods also performed well on the analysis of molecular dynamics trajectories
of 2-chlorobutane, where an elementary reaction committor, the probability densities, the potential
energy/committor, and the free-energy/committor curves are presented. Published by AIP Publishing.
https://doi.org/10.1063/1.5007032

I. INTRODUCTION

Investigation of rare events is one of the most challenging
fields for computer simulations in the last decades. Numerous
studies were published for processes like nucleation, physi-
cal transformations, and chemical reactions of small and large
molecules including biomolecules, especially proteins. These
systems mostly consist of two states separated by a barrier
resulting from potential energy and/or entropic effects. The
main task in the simulations is to get reasonable statistics or
at least statistically unquestionable data on the rare events,
especially in the transition region. The applied methods are
mostly based on the transition state theory and focus on getting
feasible results within a computationally affordable time. The
original time scale of rare events usually exceeds the time scale
of simulations. The basic idea in the sophisticated methods is
to constrain the system into a limited phase space or to enhance
the number of rare events. The most frequently applied meth-
ods concerning rare events and the coupled determination of
the free-energy landscape or profile are the transition path
sampling method,1 free-energy perturbation,2 thermodynamic
integration (e.g., Ref. 3), umbrella sampling,4 metadynamics,5

and adaptive force bias.6 For tackling the related questions in
detail, we refer to the review of Dellago and Bolhuis7 and the
book of Peters.8

The dimensionality of the simulations hinders the inter-
pretation of the results in most cases. Using intuitive concepts
and detailed statistical analysis, one may project the problem
onto a few important variables, these can also be collective
ones calculated on the phase-space variables. In the ideal case,
the variables are even reaction coordinates and they describe
the progress of the reaction. Reaction coordinates are able to

a)Author to whom correspondence should be addressed: toth@chem.elte.hu

distinguish between both basins (metastable states of the sys-
tem) and the progress of the reaction on all of the possible
paths; in contrast, order parameters discriminate only between
the reactant and product states.

A specific reaction coordinate called commitment proba-
bility or committor is defined as the probability of the system
reaching the product state first instead of the reactant state at
a given point of the configuration space with random starting
momenta. It was pioneered by Onsager as splitting probabil-
ity.9 The primer variables of the committor function are the
ones of the configuration space, but they can often be described
with a few collective variables. In the latter case, the commit-
tor function is a properly sampled average with respect to the
omitted phase-space variables. It is defined as a generalized
committor function by Bolhuis and Lechner.10 The weighting
of the committor is also described by them when it is calculated
using the transition interface sampling framework.11 Reaction
coordinates can be tested by calculating their committor val-
ues7,8 because the committor is the theoretically best reaction
coordinate.12–14

The committor is zero at the reactant basin and one at
the product basin by definition. The 0.5 committor value of
an elementary reaction is usually in the middle of the transi-
tion region and can be used to define a dividing surface. In
the absence of an intermediate state it coincides with the free
energy maximum of the minimal energy path. The usual cal-
culation method of the committor is to start numerous dynam-
ical trajectories with random momenta at different points of
the configuration space or the collective variables using ther-
modynamically correct sampling methods.7,8 There are more
sophisticated methods, e.g., proposed by Ma and Dinner or
Daru,12,15 where the committor is already involved during the
sampling.

Most committor calculations concern transitions between
two states in the literature. On the contrary, even small
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134107-2 Király, Kiss, and Tóth J. Chem. Phys. 148, 134107 (2018)

molecules may possess more than two conformational min-
ima which are populated under ambient conditions. In the case
of biomolecules, there are several non-negligible metastable
structures; already the alanine dipeptide has two well-
separated energetically minimum positions on its Ramachan-
dran diagram (e.g., Ref. 5). It is rather straightforward, that
the elongation of the peptides increases the number of min-
ima with a power function, of course, in reality a few of them
are extremely stabilized by further interactions. Similarly, a
rather large number of minimum energy configurations can be
observed in water clusters (e.g., Ref. 16).

We found a few projects, where the committor was
involved in calculations on systems having three-minima
potential energy surface and the effect of the more than
two minima was discussed. The first is written by Metzner
et al.17,18 and uses the Transition Path Theory (TPT) of
Vanden-Eijnden19 that provides a general technique to cal-
culate different quantities on rare events. Many functions are
defined for dynamically diffusive systems by Vanden-Eijnden:
committor function, probability density of reactive trajecto-
ries, and transitional probabilities. Based on these ones, it is
proposed how to identify typical channels and how to cal-
culate currents of reactions and reaction rates. Metzner and
co-workers elaborated the discrete version of TPT (DTPT)
and applied it on different systems. They calculated the func-
tions at discrete variable (e.g., collective variable) points, and
supposing Markovian processes identified many details of
the dynamical systems. For the multi-minima system, they
defined the forward committor q+

A,i as the probability of the
system to reach state A first starting from the ith discrete
point, irrespectively, where it has departed. They calculated
the discrete probability distribution of the reactive trajecto-
ries and the transitional probabilities, furthermore based on
these they determined currents and reaction pathways. In one
of their examples, a three-well two-dimensional model poten-
tial was applied, but the third minimum (C) was a shallow one
and it was considered as an intermediate state. Their results
were shown only on the A ↔ B reaction, where the pres-
ence of C was considered as a perturbation factor resulting
in temperature different solutions for the reaction paths and
rates. Their other example was the alanine tripeptide, where
they identified three conformational states using a given poten-
tial model. Despite the existence of a third minima (C), they
concentrated on the transition between the other two ones (A
↔ B) and did not divide the processes with respect to the pos-
sible A↔ B, A↔ C, and B↔ C cases. Lapelosa and Abrams
used the same potential in their article focusing on non-uniform
mesh committor calculations in 2-3 dimensions of collective
variables.20

Prinz and co-workers21 calculated the forward committor
values for all minima of a three-well two-dimensional model
system which contained only two saddles for transitions. The
formula of the potential can be found in the paper of Wu et al.,
too.22 While Metzner et al. discussed the currents and rates in
their calculations, Prinz et al. focused on the error analysis of
committor probabilities.

The use of DTPT is slightly different in the case of
biologically interesting systems. The followed reactions like
protein folding or structural changes connected to enzyme

reactions and substrate binding are highly complex processes.
Despite the use of sophisticated methods in the search for
reasonable collective variables, these ones are usually only
approximate reaction coordinates. This means that the order-
ing of the discrete states cannot be effectively managed with
respect to 2-3 collective variables. One possibility is to define
the discrete states obtained in advanced molecular dynamic
simulations on the basis of structural differences and then
to create a kinetic network model, where non-zero transi-
tion probabilities are the edges connecting the states as ver-
tices. The TPT analysis can be performed on this Markov
state model/network as it is reviewed recently by Husic and
Pande.23

Deng et al. applied this approach on HIV-1 protease
dynamics.24 The system has several more or less stable con-
formations, whereof the authors investigated transition reac-
tions and corresponding pathways, e.g., between semi open
↔ fully open, semi open ↔ closed states, and ligand bind-
ing. In all cases, they used DTPT in a way that different
A and B were defined and all other states were treated as
intermediate ones during the investigation of the given reac-
tion. The pathways were schematically shown on approxi-
mate reaction coordinates obtained by principal component
analysis.

In a study on c-Src kinase activation, the aim was to
investigate the conformational transition of the enzyme by
Markov state modeling coupled TPT. The state based kinetic
network model contained 1798 states and 46 089 edges.25 The
committor values were shown on a graphical representation
of the network, clearly showing the reactant-close, product-
close, and intermediate states, although the positions had no
connection neither to the spatial three-dimensional enzyme
structure nor to any collective variable. An intermediate state
was identified by examination of the committor as a function
of two collective variables. In some graphs, the committor
values were used as independent variables, where averaged
free energy or the structural dispersity of states belonging
to the same committor was shown. In a scatter plot con-
cerning the structural flexibility, differently sized dots were
applied to emphasize the Boltzmann-factor probability of the
states.

If we discuss multi-minima systems we should cite the
EMMA project as well that is a software package for Marko-
vian calculations.26 In this software, one of the examples on
TPT is a five minima (one reactant, three intermediate, and one
product) system analyzed in detail. They show that similar to
the reaction kinetic simulations with solving coupled kinetic
differential equations (e.g., combustion reaction systems), it
is possible to get reasonable guesses on the main pathways
using Markov models. So TPT is successfully applied on multi-
minima systems with a different aim because they used state-
to-state committor functions instead of committor functions
on a grid of collective variables.

Recently, Elber et al. published a paper on the effec-
tive calculation of iso-committor surfaces using milestoning.27

One of their results is a two-state system with two additional
intermediate states. They calculated the committor function
between the two stable states and proposed the preferred
intermediate between them.
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In chemical reaction systems, we have reactants, products,
and sometimes by-products. In practice, we usually focus on
a selected sub-process from a selected set of reactants to a
selected set of products. In the case of conformational changes
of biomolecules, we usually analyze only one transition from
one conformer to another one. For example in a three minima
case, we would like to focus on the A↔ B reaction and avoid
the disturbance of the A↔ C and B↔ C ones. The skip from
the elementary A↔ B reaction to the combination of the set
{A ↔ B, A ↔ C, C ↔ B} perturbs our knowledge on the
A↔ B scheme. It complicates the situation with new factors,
like in the case of Metzner’s study, where the temperature
was decisive in the importance of the two possible reaction
schemes. In Prinz’s case, the calculated committor reflected
the formation of one state, e.g., A. Their results contain mixed
information from the two possible reactants B and C, and even
more the B↔ C transition affected their q+

A,i.
To clear the picture, it seems to be worthwhile to elab-

orate a formalism, where separation methods are defined
on the reaction committor for the subsets of reactions. The
aim of our study was to define the partial or elementary
reaction committor function, where the probability space is
reduced to one pre-selected reaction by applying Bayesian
statistics. Section II contains the definitions or calculation
recipes embedded into the results of our test calculations on a
three-well two-dimensional potential field analyzed by single-
particle Langevin dynamics. We extend the traditional q+

A,i with
the corresponding q+

AB,i, q+
AC,i, and q+

BC,i elementary reaction
committor functions, their visualization on ternary and unified
graphs, and probability density of partial reaction trajectories,
and we discuss some questions of free-energy profiles with
respect to the elementary reaction committor. We also show
the effect of hiding one of the minima. The section there-
after contains a brief summary of the same method applied
on 2-chlorobutane.

II. COMMITTOR AND RELATED QUANTITIES
IN A THREE-WELL MODEL POTENTIAL

We performed Langevin dynamics calculation with the
simpleMD tool included in the Plumed plugin28–31 and defined
the potential fields using the matheval library. The simula-
tion cell contained a single particle. We defined all quanti-
ties in reduced units, as if the particle would have been a
Lennard-Jones one with units ε and σ. The friction param-
eter was set to unity, the time step was 0.005. The results
shown here are calculated over 108 time steps, but only every
10th time step was stored for the posterior data evaluation.
The data presented here are calculated at T = 1.2 reduced
temperature.

We started our investigation with the three well model
potential (VM) applied by Metzner et al.17,18 After some test
calculations, we realized that the potential was not feasible for
our purpose. Rare event simulation means that the time spent
in the metastable basins should be reasonable more than spent
in reactive trajectories. We were not able to set a temperature,
where all minima were populated satisfactorily and there were
transitions for all A ↔ B, A ↔ C, and B ↔ C cases. The
potential model applied by Prinz et al.21 was less general than

what we would like to use in a feasibility study because it
had three minima, but only two saddle points. It means that
there were only two reversible transformations in that potential
model.

We developed a rather symmetrical three-well potential.
The potential field V∆(x,y) was defined by three Gaussian
wells, one Gaussian repulsion hill in the middle, and an overall
outer repulsion wall as

V∆ (x, y) = 5 exp
*...
,
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The potential can be seen in Fig. 1. Our potential field con-
tained three slightly different wells connected with saddle
points at the same energy level in comparison to the two sim-
ilar and one different scheme for both wells and saddles in
Metzner’s potential (Table I). After some preliminary simu-
lations, we defined the A, B, and C states as basins, where
the highest potential energy is 4.5 × kBT higher than the
minima of the given well. It means that the relative potential
energy of the particle just leaving the basin is 4.5 times more
than the average kinetic energy during the two-dimensional
simulation.

We projected the trajectories of the simulation on a 100
× 100 grid over the visited x-y places to calculate different

FIG. 1. V∆(x,y) model potential in reduced units. s1-s3 denote the saddle
points.
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TABLE I. Critical points of the VM(x, y) and V∆(x, y) potentials in reduced
units.

x y VM(x, y) x y V∆(x, y)

min V (A) �1.05 �0.04 �3.99 �0.99 0.00 �8.00
min V (B) 1.05 �0.04 �3.99 0.99 0.00 �7.00
min V (C) 0.00 1.54 �2.17 0.00 1.72 �6.00
max V 0.00 0.52 �0.72 0.00 0.58 4.74
V (s1) �0.62 1.10 �1.65 �0.85 1.08 0.01
V (s2) 0.62 1.10 �1.65 0.86 1.07 0.03
V (s3) 0.00 �0.32 �1.38 0.01 �0.37 0.06

histograms. The average of the kinetic energy with constant
variance corresponded well to the desired one in each grid.
Some differences were found at the edges where very few tra-
jectories crossed a cell. The potential energy gave back exactly
the form described in Eq. (1). The probability of the counts
(ni/nall) of the trajectories in the ith grid point is connected to
the free energy surface of the system

Fi = −kBT ln (ni/nall) . (2)

In our one particle system, the entropy contribution to the free
energy is constant in each same-sized grid, so the free energy
and the internal energy of the system can be identical. There-
fore, the simulated F i should be equal to the potential model.
We found some deviation caused by weak statistics only in
the rarely visited bordering cells and the maximum position in
the middle. The kinetic-energy distribution and the calculated
free-energy pattern assured that the simulations took place
according to our intention.

For the committor analysis of the model, we deleted 95.8%
of the trajectory parts which were inside the A, B, or C states.
Then we sorted the trajectories according to their starting and
final states. The number of different trajectories is shown in
Table II. We termed the trajectories non-reactive ones, if the
starting and final states were the same, and reactive ones for
different ends. In our notation, α,β = {A, B, C} mean the
states in general, where the first index is the starting state and

TABLE II. Number of reactive and non-reactive trajectories after slicing the
calculation.

α,β A B C

A 27 210 738 746
B 727 12 380 766
C 756 756 5271

the second one is the final. The symmetry of the off-diagonal
data in Table II shows that our simulation was statistically
reasonable.

The length and the reactivity of the trajectories are shown
in Fig. 2. Most of the sorted trajectories were short non-reactive
ones close to the stable states. The reactive ones were usu-
ally medium long, while the longest trajectories visited the
left top, right top, and middle bottom flat areas, where both
the Gaussian wells/hill and the outer border repulsion were
negligible.

In accordance with Metzner and Prinz, we defined the
forward committor value of the B state in the ith grid point
as

q+
B,i =




∑
α nαB,i∑

αβ nαα,i + nαβ,i
,

0,

1,

∀i ∈ Γ\ (A ∪ B ∪ C)

∀i ∈ (A ∪ C)

∀i ∈ B

, (3)

where e.g., nαβ,i are the counts of all α → β trajectories in
the ith grid point and Γ denotes the domain of grid points.
Both reactive and non-reactive trajectories contribute to the
forward committor. This definition corresponds to the gener-
alized (averaged) committor definition for two state systems
in the paper of Bolhuis and Lechner.10 The averaging is per-
formed for the ith grid point in two configurational dimensions
over ∆x and ∆y. Weighting of the trajectories falling in a grid
point was not necessary since the rare events were explored

FIG. 2. (a) Average length of the trajectories in reduced time units. (b) Ratio of the reactive trajectories in the grid points.



134107-5 Király, Kiss, and Tóth J. Chem. Phys. 148, 134107 (2018)

FIG. 3. (a) q+
B,i forward committor function and (b) q−B,i backward committor function.

in unbiased simulations. For the simplicity, we abandon the
“general” or “averaged” attribute of the committor function,
the projection of the true committor is called the committor
in the rest of this article. The forward committor is shown in
Fig. 3(a). To locate visually the A, B, and C stable states, the
committor values are not shown there. The plausible meaning
of the forward committor is the probability that a trajectory
with a random momentum reaches the B state first. The ratio
of the counts of the A → B, C → B, and B → B trajec-
tories and the total counts in the grid point give this value.
The color code shows that the large number of nonreactive
B → B trajectories contributes the most to the high valued
committor region, while the 0.4-0.6 committor values show
the transition domain of A → B and C → B. q+

B,i is close
to zero in a large part of Γ, here only a few extreme tra-
jectories on the flat area biased statistically the results. The
distribution of q+

A,i and q+
C,i was symmetrically similar to

Fig. 3(a).
If we generalize the idea of Vanden-Eijnden,19 the back-

ward committor q−B,i is defined as that the trajectory comes

last from any other states than B.17,18 In the case of statisti-
cally time-reversible processes (like time-reversible Markov
ones) q−B,i = 1 − q+

B,i. Since q+
A,i + q+

B,i + q+
C,i = 1, for this

subcase q−B,i = q+
A,i + q+

C,i. We note here that the name back-
ward committor is slightly misleading and can be confused
with the reversed time integration, where for a system in equi-
librium q+

B,i(forward time) = q+
B,i(reversed time). Therefore,

if our system is in thermodynamic equilibrium and the time
reversibility is valid, both A→ B and B→ A trajectories (as
time reversed ones) can be used in the calculation of the com-
mittor values to get better statistics. The backward committor
is shown in Fig. 3(b) calculated as q−B,i = q+

A,i + q+
C,i.

Since q+
A,i +q+

B,i +q+
C,i = 1, a grid point defines one position

on a ternary diagram (Fig. 4). 23% of the points are at the
corners, these are the non-reactive grid points, whereof the
trajectories return to the same state. 57% of the points are on
the edges, these grid points are involved in the reaction path
between two states. 20% of the points are on the bulk area of

the triangle and they are involved in all the possible reactions
of the three minima systems.

The forward q+
B,i and backward q−B,i committors are related

to the sum of the elementary processes going to state B, but they
are unable to describe the features of the elementary reactions
one by one. On the contrary, the scientific interest generally
requires the details of one elementary process. Here, we intro-
duce the elementary reaction committor on the example of the
A→ B reaction. Using q−C,i, we define for the ith grid point the
probability that the trajectory comes from A or B. In the case
of the earlier mentioned conditions, it is equal to the sum of
q+

A,i and q+
B,i. A general trajectory goes to B first with a proba-

bility of q+
B,i. According to Bayesian statistics, the conditional

probability that the trajectory comes from last A or B and goes
first to B is

q+
AB,i =

q+
B,i

q−C,i

=
q+

B,i

q+
A,i + q+

B,i

. (4)

This domain contains the non-reactive part of the grid points as
well, where the values are close to 0 or 1. Since these grid points
are not involved in the A→ B reaction, it is feasible to define

FIG. 4. q+
A,i, q+

B,i, and q+
C,i as coordinates of the ith grid point on a ternary

diagram.
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the domain only for the cases, where the given elementary
reaction may process. So, our definition is supplemented with
the condition on the domain ΓAB as of

0 < q+
A,i and 0 < q+

B,i. (5)

This ΓAB does not include the domains of A and B, these can
be added, if the visualization or the purpose of the calculations
needs it.

The calculated forward elementary reaction committor is
shown in Fig. 5. The grid values around and between A and
B states are in good accordance with common sense, but it
is hard to interpret the different values around the C state
and the two flat potential areas close to C. These q+

AB,i values
are outliers caused by insufficient statistics of rare trajectories
and are often connected to one-one outlier trajectories. For an
infinitely long ergodic simulation, the domain of q+

AB,i will be
the whole Γ showing a 0–1 transition from right to left. We
note here that the committor is an intensive quantity and it
does not give us in itself information on the possible reaction
paths.

If we have a look on the ternary diagram in Fig. 4, only
20% of grid points can be seen in the bulk area of the tri-
angle. There are only few grid points, where all the three
forward committor values are more than 0.1. It means that
we may visualize all the three elementary reaction committor
values (q+

AB,i, q+
CA,i, and q+

BC,i) on the same graph with some
neglect. If we apply a further filtering on the domain of q+

AB,i
as

q+
C,i < q+

A,i and q+
C,i < q+

B,i, (6)

the elementary reaction committor is shown only where the
sum of the A → A and B → B non-reactive events and the
A→ B and B→ A reactive events is larger than the sum of all
events concerning C. The three reaction committor functions
are shown together in Fig. 5(b). This approach clarifies even

the scheme of Fig. 5(a) because the outlier trajectories and the
less probable regions are omitted from the visual representa-
tion. Of course, this is only a visualization tool to show three
committor functions on one graph, but here it is easy to identify
the dominant regions for the three elementary reactions and the
non-reactive regions [gray in Fig. 5(b)]. The latter cannot be
determined on separate graphs.

Metzner et al. calculated the discrete probability distribu-
tion of the reactive trajectories for a three-well system, where
one of the states is not assigned as the starting or ending point
of reactive trajectories. Here we extend their theory to the case,
where all the possible transitions among the states are treated
as individual reactions. The probability of the reactive trajec-
tories ending at B within the ith grid point can be calculated
as

Pt,B,i = q+
B,iq

−
B,i. (7)

The subscript t denotes that the probability refers to reactive
trajectories. In order to calculate it on Γ, one needs to weight it
by the number of counts in the ith grid point, ni, and normalize
with the sum over the cells. The normalization function is
calculated as

Zt,B =
∑

Γ\(A∪B∪C)
q+

B,iq
−
B,ini, (8)

resulting in the probability distribution of reactive trajectories
ending at state B

mt,B,i = Z−1
t,Bq+

B,iq
−
B,ini. (9)

If we apply it for the elementary reaction A → B, the corre-
sponding q−AB,i is defined as the conditional probability of the
trajectory came last from A, if it may come from A or B. In
equilibrium q−AB,i = 1 − q+

AB,i. According to our definition in
Eq. (4), we have to replace the all counts ni to n∝(A∪B),i that
is the number of the counts in the ith grid of the trajectories
ending at A or B. The probability distribution of the reactive
elementary reaction trajectories is

FIG. 5. (a) q+
AB,i reaction committor and (b) q+

AB,i, q+
BC,i, and q+

CA,i elementary reaction committor on one graph after filtering their domains according to Eq. (6).
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FIG. 6. (a) Probability density of the reactive trajectories mt,A,i corresponding to both A→ B and A→ C transitions and (b) probability density of the reactive
trajectories for the elementary reaction A→ B mt,AB,i.

mt,AB,i = Z−1
t,ABq+

AB,iq
−
AB,in∝(A∪B),i =

q+
AB,iq

−
AB,in∝(A∪B),i∑

ΓAB
q+

AB,iq
−
AB,in∝(A∪B),i

.

(10)

The calculated probability density of the reactive trajectories
mt,A,i corresponding to both A → B and A → C reactions
and the same for the elementary reaction A → B, mt,AB,i,
are presented in Fig. 6, which shows the density differ-
ences caused by the restriction on the A → B reaction. The
dynamical bottlenecks of the systems are pronounced in both
cases.

One goal of the discrete transition path theory17,18 is, that
in the knowledge of the transition probabilities between grid
points i and j, one can calculate currents between two cells.

Based on the effective current, the most important reaction
paths can be identified. Metzner et al. showed that, in the case
of two possible pathways observed on the probability density
of the reactive trajectories, the analysis of the currents differen-
tiates their importance. Their example was the VM three-well
system, where the third minima were assigned as a transition
state instead of taking into account as a separate reactant or
product state. If we use elementary reactions, the probability
density and the current presumably show only one channel for
the reaction. The aim of our study was to concentrate on the
formalism of the multi-minima committor calculations; there-
fore, we did not perform all calculations proposed in the DTPT
theory, especially the ones connected to transition probabilities
on grid points.

FIG. 7. Scatter plot and average of the
potential energy of the grid points ver-
sus the elementary reaction committor:
(a) unweighted case and (b) weighted by
mt,AB,i.
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FIG. 8. Results if minimum C is not taken into account as a reactant or product state: (a) forward committor q+
AB,i and (b) probability density of reactive

trajectories mt,AB,i.

Theoretically, the committor is the best reaction coordi-
nate, as we mentioned in the Introduction. Therefore, graphs
showing different properties (e.g., potential energy) versus the
committor should give important information on the devel-
opment of these attributes. This is a suggested method to
test, if the collective variables are suitable as order param-
eters or as reaction coordinates (see e.g., Refs. 7, 8, and
23–25). In our one-particle simulation, the potential energy
with respect to a reaction coordinate graph coincides with
the free-energy curve as well. The scatter plot of the average
potential energy in a grid versus q+

AB,i is shown in Fig. 7(a).
The minimal energy path can be easily found on the graph, but
it shows many high energy grid points during the transition.
The solid line shows the average potential energies for small
q+

AB intervals. Surprisingly, it oscillates and possesses several
energy minima despite the unimodality of the potential field.
The strange behavior is due to the omitted weights (mt,AB,i)
and weak statistics of the grid points. Figure 7(b) shows the
situation, where the size of the dots in the scatter plot corre-
sponds to the mt,AB,i weights. On this graph, most of the large
dots are close to the minimal energy pathway. Even more,
the average of the weighted energies is smoother than the
unweighted one. The data show a rather platykurtic behavior
in contrast to usual curves, e.g., internal energy versus bond
length ones. It means that the transition or saddle domain is
a broad interval in the committor. The sensitivity of the com-
mittor with respect to the energy is large. It means that the
committor is a sensitive reaction coordinate in our model. The
broad saddle domain is connected to the diffusive feature of
the transition. Both our potential model (Fig. 1) and the fric-
tion coefficient set to unity caused the diffusive barrier. In the
case of a small friction coefficient, the dynamics become more
ballistic.

The aim of our study was to develop the formalism of
the committor for multi-minima systems with more than one
elemental reaction. To be comparable with the studies of Met-
zner et al. and Prinz et al., we performed some calculations
where the third minimum is not included explicitly in the data

evaluation, it is treated as a hidden feature of our system. It
means that we consider the system as it has only the A ↔ B
reaction. Here q+

AB,i = q+
B,i = 1 − q+

A,i. It is shown in Fig. 8(a)
and the corresponding probability density of mt,AB,i = mt,B,i is
on Fig. 8(b).

The committor is rather simple showing that the hidden
C minimum acts as a trap with equal escaping probability
to states A and B. There are two possible reaction paths on
Fig. 8(b), where of the upper one is through the hidden C
minimum and the lower one is the direct A ↔ B transition.

FIG. 9. Scatter plot and average of the potential energy of the grid cells
weighted by mt,AB,i versus the reaction committor, if minimum C is not taken
into account as a reactant or product state.
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As is shown by Metzner et al., the importance of the reac-
tion paths can be estimated by calculating the currents in the
knowledge of the transition probabilities. Even more, the pref-
erence of the two channels depends on temperature. As a rule
of thumb, at low temperature, the one with smaller potential
energy barriers is feasible while the one with a large barrier is
opened at higher temperature. If we have a look on the den-
sity weighted potential energy–committor graph in Fig. 9, it
shows the existence of the transition state C and the other chan-
nels as a few dots just over the transition state. If we use our
nomenclature for this reaction, here A↔ B is not an elemen-
tary reaction but a combination of three reversible elementary
reactions.

Our three minima model potential is rather simple in order
to define a two-dimensional reaction coordinate because the
meshing of the particle position is a natural choice here. There-
fore, we defined the elementary reaction committor and density
on these grid points, and heat maps of the different properties
were calculated as a function of meshed particle positions.
In the case of complex systems, like the studies of Refs. 24
and 25, it is difficult to find reasonable 2D or 3D reaction
coordinates. The graphical representation of results on weak
reaction coordinates is less feasible here. Even more, state
based kinetic networks are more powerful than grid based ones
here.

Our definitions and notations are transferable from the
grid point based one to the state based kinetic network, if we
simply replace the term “grid point” to “state” in the definitions
in Eqs. (1)–(10). The transferability is also valid for some of
our graphs, where the meshing of the particle positions is not
shown. It means that the feasibility of Fig. 4 (ternary diagram)
and Figs. 7(b) and 9 (weighted free energy versus committor)
does not change. For the use of Figs. 2, 3, 5, 6, and 8 on a
state based kinetic network, one needs a feasible 2D collec-
tive variable projection of the states. If the projections show
limited overlap for the different elementary reaction commit-
tor values or probability densities and a clear distinction of

FIG. 10. Representation of the A, G+ and G-conformations of
2-chlorobutane. The Cl-C2-C3-C4 dihedrals correspond to 180◦, 60◦,
and �60◦, respectively.

the reactant and product states is possible than those collective
variables are suitable ones as reaction coordinates. In this case,
the unified elementary reaction committor graph [Fig. 5(b)] is
meaningful too. In the case of 3D collective variables, projec-
tions or enhanced graphics may help in the elaboration of the
elementary reaction features.

III. COMMITTOR CALCULATION
OF 2-CHLOROBUTANE CONFORMERS

In order to calculate different committors and related func-
tions on a realistic system, we chose 2-chlorobutane, which
has three well-populated minima under ambient conditions
and can be visualized similar to our V∆(x,y) model. The three
minima can be assigned to the torsional positions of G+, A,
and G-ones using the Cl-C2-C3-C4 torsion (Fig. 10).

There are both experimental data (electron diffrac-
tion;32,33 IR and Raman,34 Raman,35 IR,36 ED,37 and FT-IR38)
and theoretical calculations [MM3 and PM3,36 HF,37 G3-B3,
MP2, density functional theory (DFT), coupled-cluster single
double (CCSD),39 and MP2, DFT38] on the molecule, where
the geometrical parameters and the population ratio of the
conformers were determined.

FIG. 11. Simulations of 2-chlorobutane: (a) potential-energy distribution in kcal/mol and (b) scatter plot of a part of the trajectory.
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FIG. 12. Unified graph of the three elementary reaction committor functions.

We performed molecular dynamics simulations of a sin-
gle 2-chlorobutane molecule using the Desmond40 computer
program. The simulation was 100 ns long and the OPLS341

force field was applied. A 2 fs time step was chosen and every
10th configurations were saved for analysis. The temperature
was set to 300 K with a Nose-Hoover thermostat.

Torsional angles cause problematic periodic behavior,42

instead we use two distances (C1-C4 and C4-Chlorine), that
separates the three states perfectly. The average energy of our
simulations versus the meshed C1-C4 and C4-Chlorine dis-
tances is shown in Fig. 11(a). We used geometric criteria
to define the states (G+, A, and G�) instead of the ener-
getic ones because the internal energy and the free energy
differ for this system. At first, we divided the collective-
variable space into three Voronoi cells by k-means clustering.
The confidence ellipsoids of the clusters were calculated for
each cluster and trajectory points within the 95% ones were
assigned as points of states G+, A, or G�. A scatter plot
of a part of our molecular dynamics simulation is shown in

FIG. 13. The probability densities of the reactive trajectories. (a) G�↔ A transition, (b) G+↔ A transition, and (c) G�↔ G+ transition.

FIG. 14. Weighted energy distribution
of 2-chlorobutane G+ ↔ A conformer
transition versus the elementary reac-
tion committor: (a) potential energy and
(b) free energy.
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Fig. 11(b), where the trajectory within the metastable states
was removed.

The forward committor functions are calculated as defined
in Eq. (3). Here the 2D grid is spanned by collective variables
in contrast to the first part of our paper, where directly the x
and y coordinates of the particle defined the grid. The aver-
aging of the 2D projected trajectories was performed without
any reweighting since the collection of the trajectories was
unbiased. Without going into detail, we present only some
final graphs related to the committor. The elementary reaction
committor values of the three elementary reactions are shown
on the unified graphs applying both Eqs. (5) and (6) conditions
(Fig. 12). The statistics of these calculations are weaker expect
for the G+↔ A transition, so the graph has reasonable uncer-
tainty. The probability densities of the trajectories are shown
in Fig. 13. The three reaction channels are well-separated from
each other.

On the last graph, we show the potential-energy and the
free-energy barriers versus the G+ ↔ A elementary reaction
committor (Fig. 14). The sensitivity of the committor with
respect to the energies is rather small close to the metastable
states and large in the saddle domain. A significant change
can be observed in both interatomic distances at a close to
the constant energy level in the G+ ↔ A transition domain
in Figs. 11 and 13. The preference of the forward direction
varies from 0.1 to 0.9 in the transition domain. The average
pathways significantly differ from the minimum ones for both
the potential and the free-energy cases. It can be a consequence
of the canonical ensemble, where the energy fluctuation is large
in a one-molecule simulation. We note again the lack of friction
in this simulation.

IV. CONCLUSIONS

In our study, we extended the committor concept on
multi-minima systems, where data evaluation needs the projec-
tion onto partial reactions. We developed a simple three-hole
V∆(x,y) model potential, where all the three states were well
populated and all transitions proceeded at reasonable tem-
perature. Single-particle Langevin dynamics were performed
to investigate the details of the two-dimensional three-hole
model. Besides calculating some of the earlier quantities on
the discrete grid points proposed by Metzner et al.,17,18 we
defined the forward and backward committor of the elementary
reactions [Eqs. (4) and (5) and Fig. 5]. Since committor is an
intensive quantity not related to the realization of the transition
path, we defined and calculated the corresponding probability
densities of the reactive trajectories [Eq. (10) and Fig. 6]. Both
quantities were defined as conditional probabilities.

Three possible reversible reactions characterize our sys-
tem. Using some restrictions on the domain of the elementary
reactions, we present the three elementary reaction commit-
tor functions on one graph. This unified graph gives the
opportunity to identify the non-reactive zones that are not
distinguishable on the individual plots (Fig. 5).

Our study offered the possibility to check the energetic
changes toward the elementary reaction committor as the the-
oretically best reaction coordinate.12–14 We propose to use in
both the calculation of the averages and the visualization on

graphs the energetic data weighted with the probability den-
sity of the reactive trajectories. If we use the weights in the
sizing of the markers on the graph, the obtained scatter plot
clearly shows the minimal energy path and the distribution of
the real channels, and it gives an easy comparison to the aver-
age (Fig. 7). This graph vividly emphasizes the limits of both
the minimal energy path and the average energy concepts.

We compared the results of the full three-minima system
to the case, where the third minimum is hidden and ignored
as a possible reactant or product state. The calculated commit-
tor, the two-channel probability density of reactive trajectories
(Fig. 8), and the energy-committor data corresponded well
to a system, where the reaction partly proceeded through an
intermediate state (Fig. 9).

Our other system, 2-chlorobutane, was simulated with
classical molecular dynamics. The three-state system was
projected onto two collective variables in contrast to our
previous model potential, where the system was evaluated
in the Cartesian-coordinates of the single-particle motion.
The obtained two-dimensional reaction-coordinate surface of
2-chlorobutane resembles quite well to the V∆(x,y) model
potential. The defined elementary reaction committor and the
corresponding probability density of the reactive trajectories
are reasonable despite the rather weak statistics on some of
possible conformational changes. We presented the poten-
tial energy-committor and the free-energy-committor curves
(Fig. 14).

We did not perform all calculations proposed at the elab-
oration of the discrete transition path theory.18 We omitted
the calculation of properties needing the transition probabil-
ities among the grid cells; however we think that our defi-
nitions on the partial/elementary reaction properties can be
extended to current and rate constant calculations with a
similar use of conditional probabilities. The same extension
is possible to Markov state modeling of state based kinetic
networks.
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17P. Metzner, C. Schütte, and E. Vanden-Eijnden, J. Chem. Phys. 125, 084110

(2006).
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